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Exact line search aka steepest descent Heus.exopein UK
o = arg min f(@kt1) = arg iy f(ze — aVf(xr))

More theoretical than practical approach. It also allows you to analyze the convergence, but
often exact line search can be difficult if the function calculation takes too long or costs a lot.
An interesting theoretical property of this method is that each following iteration is

orthogonal to the previous one:

oy = arg min f(zr — aVf(zk))
a€RT

Optimality conditions:

Vf(zre1) Vi(zr) =0

Figure 1: Steepest
Descent

Open In Colab &

‘fﬁ}fny"} Gradient Descent 0 O 3


Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

https://colab.research.google.com/github/MerkulovDaniil/optim/blob/master/assets/Notebooks/Steepest_descent.ipynb
https://fmin.xyz
https://mda24.fmin.xyz
https://github.com/MerkulovDaniil/mda24
https://t.me/fminxyz

Strongly convex quadratics

‘f - wl} Strongly convex quadratics


Daniil Merkulov

https://fmin.xyz
https://mda24.fmin.xyz
https://github.com/MerkulovDaniil/mda24
https://t.me/fminxyz

. . al _ ,
Coordinate shift 72k = A NPUMLP
Consider the following quadratic optimization problem: .
Lin Qeg

1
min f(z) = min 2 Az —b' z + ¢, where A € ST .
zERd werd 2
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Coordinate shift

Consider the following quadratic optimization problem:

1
min f(z) = min =z’ Az — b z + ¢, where A € S%,.
z€eRY z€R4 2

® Firstly, without loss of generality we can set ¢ = 0, which will or affect
optimization process.
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Coordinate shift

Consider the following quadratic optimization problem:
1
min f(z) = min =z’ Az — b z + ¢, where A € S%,.
zcRd zeRrd 2

® Firstly, without loss of generality we can set ¢ = 0, which will or affect
optimization process.
® Secondly, we have a spectral decomposition of the matrix A:

A =QAQ"
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Coordinate shift

Consider the following quadratic optimization problem:

1
min f(z) = min =z’ Az — b z + ¢, where A € S%,.
zeRd zeRrd 2 .
® Firstly, without loss of generality we can set ¢ = 0, which will or affect
optimization process.
® Secondly, we have a spectral decomposition of the matrix A:

A =QAQ" .

® Let's show, that we can switch coordinates to make an analysis a little bit
casier. Let & = QT (x — 2*), where z* is the minimum point of initial
function, defined by Ax* = b. At the same time z = Q% + z~.

-
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Coordinate shift M\“(b_ tulbio AL UU gdpo@(a -Fog

Consider the following quadratic optimization problem:
g — M >0 LM’\SQ 5 A-Y‘.:-' 1)

. 17 T d +
min f(z) = min 5% Ax —b x+c, where Ae S5 ,. X= (Q, 13

z€Rd zERd 2
[

® Firstly, without loss of generality we can set ¢ = 0, which will or affect
optimization process.
® Secondly, we have a spectral decomposition of the matrix A:

A =QAQ"

® Let's show, that we can switch coordinates to make an analysis a little bit
casier. Let & = QT (x — 2*), where z* is the minimum point of initial
function, defined by Az* = b. At the same time © = Q% + z~.
bengo

f@) = 3 (Q +37) T A@2 +27) — b7 (Qi + ) WOIHO
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Coordinate shift

Consider the following quadratic optimization problem:

1
min f(z) = min =z’ Az — b z + ¢, where A € S%,.
z€eRY z€R4 2

® Firstly, without loss of generality we can set ¢ = 0, which will or affect
optimization process.
® Secondly, we have a spectral decomposition of the matrix A:

A =QAQ"

® Let's show, that we can switch coordinates to make an analysis a little bit
casier. Let & = QT (x — 2*), where z* is the minimum point of initial
function, defined by Ax* = b. At the same time z = Q% + z~.

f(@)

2(Qi+27)TA@b+a7) b (Qa +a7)

= 3#7QTAQs + ()T AQs + (@) AW — b Qi — b
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Coordinate shift

Consider the following quadratic optimization problem:

1
min f(z) = min =z’ Az — b z + ¢, where A € S%,.
z€eRY z€R4 2 2

® Firstly, without loss of generality we can set ¢ = 0, which will or affect
optimization process.
® Secondly, we have a spectral decomposition of the matrix A:

A=QAQ" .

® | et's show h coordinates to make an analysis a little bit

easier. Let|z = QT (z — z*),
function, defined by AT . At the same timg z = Q% + z7.

) \
f(@) = %(Q:i: +2°)TAQz + ") — b (Q + 27)

= %f;TQTAQi” + ()" AQ# + %(x*)TA(x*)T ~bv"Qz —b"z"

1
= 54" A%

where z* is the mipimum point of initial —]
A’ /\
BAIH] e
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Convergence analysis
1

Now we can work with the function f(z) = $2” Az with * = 0 without loss of generality (drop the hat from the #)

J}‘k+1 _ xk _ aka(xk)
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Convergence analysis
1

Now we can work with the function f(z) = $2” Az with * = 0 without loss of generality (drop the hat from the #)

" = b — V) = 2F - oFAL”
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Convergence analysis
1

Now we can work with the function f(z) = $2” Az with * = 0 without loss of generality (drop the hat from the #)

" = 2F — oVt = 2F — oFAL”
—

=(I-a"A)z”
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Convergence analysis
1

Now we can work with the function f(z) = $2” Az with * = 0 without loss of generality (drop the hat from the #)

" = b — V) = 2F - oFAL”

A
=(I-a"A)z”
xfj)'l =(1- akk(i))xﬁ-) For i-th coordinate
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Convergence analysis
Now we can work with the function f(z) = $2” Az with * = 0 without loss of generality (drop the hat from the #)

2" =2b — oV (") = 2F — oFALF
=(I-a"A)z”

xftl =(1- akk(‘ )xﬁ) For i-th coordinate

xf*{l =(1—a"xy)k Tl
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Convergence analysis
1

Now we can work with the function f(z) = $2” Az with * = 0 without loss of generality (drop the hat from the #)

T = 2F — oVt = 2F — oF AP
=(I-a"A)z”

xfj)'l =(1- akk(i))xﬁ-) For i-th coordinate

azﬁ";l =(1- ak)\(i))kx?i)

k

Let's use constant stepsize o = a.. Convergence

condition:
pla) =max |1 —aly)| <1
K3

Remember, that Amin = 0 > 0, Amax = L > p.
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Convergence analysis
1

Now we can work with the function f(z) = $2” Az with * = 0 without loss of generality (drop the hat from the #)

T = 2F — oVt = 2F — oF AP
=(I-a"A)z”

xfj)'l =(1- akk(i))xﬁ-) For i-th coordinate

azﬁ";l =(1- ak)\(i))kx?i)

k

Let's use constant stepsize o = a.. Convergence

condition:
pla) =max |1 —aly)| <1
K3

Remember, that Amin = 0 > 0, Amax = L > p.

1 —aul <1
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Convergence analysis
1

Now we can work with the function f(z) = $2” Az with * = 0 without loss of generality (drop the hat from the #)

T = 2F — oVt = 2F — oF AP
=(I-a"A)z”

xfj)'l =(1- akk(i))xﬁ-) For i-th coordinate

azﬁ";l =(1- ak)\(i))kx?i)

k

Let's use constant stepsize o = a.. Convergence

condition:
pla) =max |1 —aly)| <1
K3

Remember, that Amin = 0 > 0, Amax = L > p.

1 —aul <1
—-1<l—apu<1
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Convergence analysis
1

Now we can work with the function f(z) = $2” Az with * = 0 without loss of generality (drop the hat from the #)

T = 2F — oVt = 2F — oF AP
=(I-a"A)z”

xfj)'l =(1- akk(i))xﬁ-) For i-th coordinate

azﬁ";l =(1- ak)\(i))kx?i)

k

Let's use constant stepsize o = a.. Convergence

condition:
pla) =max |1 —aly)| <1
K3

Remember, that Amin = 0 > 0, Amax = L > p.

1 —aul <1
—-1<l—apu<1

2
a< — ap >0
I
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Convergence analysis
1

Now we can work with the function f(z) = $2” Az with * = 0 without loss of generality (drop the hat from the #)

T = 2F — oVt = 2F — oF AP
=(I-a"A)z”

xfj)'l =(1- akk(i))xﬁ-) For i-th coordinate

azﬁ";l =(1- ak)\(i))kx?i)

k

Let's use constant stepsize o = a.. Convergence

condition:
pla) =max |1 —aly)| <1
K3

Remember, that Amin = 0 > 0, Amax = L > p.

1 —aul <1 1-aLll <1
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T = 2F — oVt = 2F — oF AP
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k
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Now we can work with the function f(z) = $2” Az with * = 0 without loss of generality (drop the hat from the #)
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Convergence analysis
Now we can work with the function f(z) = $2” Az with * = 0 without loss of generality (drop the hat from the #)
T = 2F — oVt = 2F — oF AP
=(I-a"A)z”
xfj)'l =(1- akkm)xﬁ-) For i-th coordinate
azﬁ";l =(1- ak)\(i))kx?i)

k — o. Convergence

Let's use constant stepsize a
condition:

pla) =max |1 —aly)| <1
K3

Remember, that Amin = 0 > 0, Amax = L > p.

1 —aul <1 1-aLll <1

—1<l—-an<l1 —-1<1l1-al<1
2 2

a< — ap >0 a< — al >0
m L

a < 2 is needed for convergence.
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Convergence analysis
1

Now we can work with the function f(z) = 227 Az with z* = 0 without loss of generality (drop the hat from the )

)

T = 2F — oVt = 2F — oF AP
=(I-a"A)z”

xfj)'l =(1- akkm)xﬁ-) For i-th coordinate

ziyt = (1= a"Ap) "l

k — o. Convergence

Let's use constant stepsize a
condition:

pla) =max |1 —aly)| <1
K3

Remember, that Amin = 0 > 0, Amax = L > p.

1 —aul <1 1-aLll <1

—-1<l—apu<1 —-1<1l1—-alL<1
2 2

a< — ap >0 a< — al >0
m L

a < 2 is needed for convergence.
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‘f fnﬂ Strongly convex quadratics

Now we would like to tune « to choose the best (lowest)
convergence rate

p" =minp(a)
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Now we can work with the function f(z) = 227 Az with z* = 0 without loss of generality (drop the hat from the )
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ziyt = (1= a"Ap) "l
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condition:
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Remember, that Amin = 0 > 0, Amax = L > p.
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Now we can work with the function f(z) = 227 Az with z* = 0 without loss of generality (drop the hat from the )
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Now we would like to tune « to choose the best (lowest)
convergence rate
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Now we can work with the function f(z) = 227 Az with z* = 0 without loss of generality (drop the hat from the )
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T = 2F — oVt = 2F — oF AP
=(I-a"A)z”

xfj)'l =(1- akkm)xﬁ-) For i-th coordinate

ziyt = (1= a"Ap) "l

k — o. Convergence

Let's use constant stepsize a
condition:

pla) =max |1 —aly)| <1
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Remember, that Amin = 0 > 0, Amax = L > p.

1 —aul <1 1-aLll <1

—-1<l—apu<1 —-1<1l1—-alL<1
2 2

a< — ap >0 a< — al >0
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a < 2 is needed for convergence.
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— min {|1 - agal, |1 — aL]}

*

o 1—-a'p=a"'L-1


Daniil Merkulov

https://fmin.xyz
https://mda24.fmin.xyz
https://github.com/MerkulovDaniil/mda24
https://t.me/fminxyz
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Now we can work with the function f(z) = 227 Az with z* = 0 without loss of generality (drop the hat from the )
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T = 2F — oVt = 2F — oF AP
=(I-a"A)z”

xfj)'l =(1- akkm)xﬁ-) For i-th coordinate

ziyt = (1= a"Ap) "l
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Let's use constant stepsize a
condition:

pla) =max |1 —aly)| <1
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Remember, that Amin = 0 > 0, Amax = L > p.

1 —aul <1 1-aLll <1
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Convergence analysis
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Now we can work with the function f(z) = 227 Az with z* = 0 without loss of generality (drop the hat from the )

)

T = 2F — oVt = 2F — oF AP
=(I-a"A)z”

xfj)'l =(1- akkm)xﬁ-) For i-th coordinate

k k k
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k — o. Convergence

Let's use constant stepsize a
condition:

pla) =max |1 —aly)| <1
K3

Remember, that Amin = 0 > 0, Amax = L > p.

1 —aul <1 1-aLll <1

—-1<l—apu<1 —-1<1l1—-alL<1
2 2

a< — ap >0 a< — al >0
m L

a < 2 is needed for convergence.

— mi .
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Now we would like to tune « to choose the best (lowest)
convergence rate
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Convergence analysis

Now we can work with the function f(z) = $2” Az with * = 0 without loss of generality (drop the hat from the #)
Now we would like to tune « to choose the best (lowest)
T = 2F — oVt = 2F — oF AP convergence rate
=(I-a"A)z”
xfj)'l = (1 — a"A))x(y) For i-th coordinate p = min pla) = min max [T — A
l’ﬁ-‘)—l = (1—0Lk)\(1))k113[()1) :mljn{uiaﬂ‘?'l*al"}
Let’s use constant stepsize a* = . Convergence a s l-ap=o0l-1
condition: at = 2 pr = L—p
pla) =max |1 —aly)| <1 p+L L+p
K3
k
Remember, that Amin = 1t > 0, Amax = L > p. 2R = L—p 20
L+p
1 —aul <1 1-aLll <1
—-1<l—apu<1 —-1<1l1—-alL<1
2 2
a< — ap >0 a< — al >0
m L

a < 2 is needed for convergence.
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Convergence analysis
Now we can work with the function f(z) = 3
2" =2b — oV (") = 2F — oFALF
=(I-a"A)z”
a:ff)'l =(1- ak>\<i>)xﬁ-) For i-th coordinate
2 = (1= ") aly

k — o. Convergence

Let's use constant stepsize a
condition:

pla) =max |1 —aly)| <1
K3

Remember, thatl)\min = u|> 0,fAmax = L[> p.

1 —aul <1 1—al|<1

—-1<l—apu<1 —1<1l1—-alL<1
2 2

a< — ap >0 a< — al >0
m L

a < 2 is needed for convergence:

‘f — min
Tz

Strongly convex quadratics

2T Az with * = 0 without loss of generality (drop the hat from the )

Now we would like to tune « to choose the best (lowest)
convergence rate

p" =min p(a) = minmax |1 — o]

= min{[1 - ayl,|1 - aLl} 19
o ; o L1 o{‘—
: —apu=a L- = ; (
” 2 « L—up Amz»“\* h
o = =
w+ L L+

k 2k
k+1 _ L—pu 0 k+1y _ L—p 0
x+_(L+M) T f(er)—(w) f(z”)

L - koneroucd [ apagusdy

[P S Cl bt
Lap —"iu x+L
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Convergence analysis

. . - k=l _ 1 2
So, we have a linear convergence in the domain with rate = 1 T

condition number of the quadratic problem.

where Kk = % is sometimes called

Iterations to decrease function gap 10 times

K p Iterations to decrease domain gap 10 times

1.1 0.05 1 1
2 0.33 3 2
5 0.67 6 3
10 0.82 12 6
50 0.96 58 29
100 0.98 116 58
500 0.996 576 288
1000 0.998 1152 576

Xx=L '2 = 40

— mi .
‘f ;nylr; Strongly convex quadratics
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Polyak-Lojasiewicz smooth case
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Polyak-Lojasiewicz condition. Linear convergence of gradient descent without
convexity Y ownowo %bm«ktu&-c

PL inequality holds if the following condition is satisfied for some p > 0,
A\ Serves - PYMkyUOL
IVS@)I° > 2u(f(z) = f) Vo PL - 9yniauei

It is interesting, that the Gradient Descent algorithm might converge linearly even without convexity.

The following functions satisfy the PL condition but are not convex. ®Link to the code
f(z) = 2 4 3sin’(z)

Function, that satisfies
Polyak- Lojasiewicz condition

— f(x) = x2 + 3sin?(x)

-3 -2 -1 0 1 2 3

‘f - ;nylr; Polyak-Lojasiewicz smooth case
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Polyak-Lojasiewicz condition. Linear convergence of gradient descent without

convexity
PL inequality holds if the following condition is satisfied for some p > 0,

IVF @) = 2u(f(2) — f7) vz
It is interesting, that the Gradient Descent algorithm might converge linearly even without convexity.

The following functions satisfy the PL condition but are not convex. %@Link to the code

(y —sinx)?
2

f(z) = 2 4 3sin’(z) fla,y) =

Function, that satisfies Non-convex PL function
Polyak- Lojasiewicz condition

—— f(x) = x2 + 3sin?(x)

4.0
35
3.0
25
2.0
15
10
05

-3 -2 -1 0 1 2 3
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T . =
Convergence analysis N e Arin (Q’H

'HA ;éXTAX Y Amay (Q"L
a(R) = & whxs LIMI; = (A T)X

i Theorem VAR~ f A 3
Consider the Problem 'L 0 L A(AD
— A el
f(z) = min oM (B

and assume that f is u-Polyak-Lojasiewicz and L-smooth, for some L > p > 0.
Consider (z*)ren a sequence generated by the gradient descent constant stepsize algorithm, with a stepsize

satisfying 0 < o < +. Then: Ly Ho &("gkwL

¢H‘(KHM

FE*) = <@ —aw* (") = ).

‘f - ;nylr; Polyak-Lojasiewicz smooth case 0 O
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Example: linear least squares
C,XO%W

/ Strongly convex binary logistic regression. mu=0.1.
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Figure 4: Convergence both in domain and in function value for regularized quadratics
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Smooth convex case
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Smooth convex case HE cuhvto @m(umu}f

Theorem

Cle CXCHMOC%
Consider the Problem
ToN6KO wo ‘FO}

f(xz) — min
z€R4
and assume that f is convex and L-smooth, for some L > 0.
Let (x’“)keN be the sequence of iterates generated by the gradient descent constant stepsize algorithm, with a
stepsize satisfying 0 < a < % Then, for all z* € argmin f, for all K € N we have that

@y — pr < = K

3 -t

‘f - 5“.}‘; Smooth convex case 0 O 13
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Example: linear least squares

Convex binary logistic regression. mu=0.
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Figure 5: Convergence in function value for convex (but not strongly convex) quadratics
‘f‘}?.)yi.l} Smooth convex case 0 0
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How optimal is O (%)

® |s it somehow possible to understand, that the obtained convergence is the fastest possible with this class of
problem and this class of algorithms?

lf%ﬁ}‘i Lower bounds 0 0
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How optimal is O (%)

® |s it somehow possible to understand, that the obtained convergence is the fastest possible with this class of

problem and this class of algorithms?
® The iteration of gradient descent:

$k+1 _ .’,Ek _ aka(;rk)
_ xk*l _ ak*lvf(xkfl) _ Oékvf(l'k)

k
_ Z oIV ()
i=0

— min
‘f Tz Lower bounds
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How optimal is O (%)

® |s it somehow possible to understand, that the obtained convergence is the fastest possible with this class of

problem and this class of algorithms?
® The iteration of gradient descent:

$k+1 _ .’,Ek _ aka(;rk)
_ xk*l _ ak*lvf(xkfl) _ Oékvf(l'k)

k
— 0 Zakfivf(xkfi)
i=0

® Consider a family of first-order methods, where

Yea® +span {VF(2°),Vf(a'),...,VFf(a")} (1)

— min
‘f Tz Lower bounds
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Smooth convicase \MOXHO _L
Theorem

There exists a function f that is L-smooth and convex such that any method 2 satisfies

e 3L — a3
— >
in @) =12 =y

— min
‘f Tz Lower bounds
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Smooth convex case

i Theorem

There exists a function f that is L-smooth and convex such that any method 2 satisfies

. ; .o 3L —a*|3
YN | e | P
in @) =12 =y

® No matter what gradient method you provide, there is always a function f that, when you apply your gradient
method on minimizing such f, the convergence rate is lower bounded as O (k—lz)

‘f% 5“.}‘; Lower bounds 0 O 17
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Smooth convex case

i Theorem

There exists a function f that is L-smooth and convex such that any method 2 satisfies

. ; .o 3L —a*|3
YN | e | P
in @) =12 =y

® No matter what gradient method you provide, there is always a function f that, when you apply your gradient
method on minimizing such f, the convergence rate is lower bounded as O (,712)
® The key to the proof is to explicitly build a special function f.

— min
‘f Tz Lower bounds
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Recap

Recap
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Recap

Gradient Descent: m%{n f(z) " =ab — oV f(ab)

- TER™

Hernagleum
L
convex (non-smooth) smooth (non-convex) smooth & convex smooth & strongly convex (or PL)
s ~o( ) viEr~o(y) s -r~o(3) et ar~o((1-4)

NG k k L

kgva(%) ke NO(E) ke N(’)(l) ke ~(’)(nlog1>
€ € € €

lf%?“}‘i Recap 0 O 19
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Recap

Gradient Descent: m%{n f(z) " =ab — oV f(ab)
zER"
convex (non-smooth) smooth (non-convex) smooth & convex smooth & strongly convex (or PL)
- ~o( ) vreir~o () seh-r~o () et et ((1-4)
NG k k L
kgva(iz) ke NO(E) ke N(’)(l) ke NO(H10g1>
€ € € €

For smooth strongly convex we have:
k * 1% k 0 *
ety -5 < (1= ) e - ).
Note also, that for any =

l—z<e”

lf%?“}‘i Recap 0 O 19
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Recap

Gradient Descent:

f(x) " =ab — oV f(ab)

convex (non-smooth) smooth (non-convex)

smooth & convex

smooth & strongly convex (or PL)

fa)-f ~0 () IV ~0 ()

imo(d)  w-o()
58 €

fa - ~o(5) et et a0 ((1 - ﬁ))

ke ~ O (1) ke ~ O (mlog 1)
€ e

For smooth strongly convex we have:
k * 1% k 0 *
ety -5 < (1= ) e - ).
Note also, that for any =

l—z<e”

R /—omin oo

Finally we have
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Recap

Gradient Descent: m%{n f(z) " =ab — oV f(ab)
zER"
convex (non-smooth) smooth (non-convex) smooth & convex smooth & strongly convex (or PL)
- ~o( ) vreir~o () seh-r~o () et et ((1-4)
NG k k L
kgva(iz) ke NO(E) ke N(’)(l) ke NO(H10g1>
€ € € €

For smooth strongly convex we have: Finally we have

1@ -1 < (1-5) ) - ). e= Ity - J" <

Note also, that for any x < exp ( ke %) (f@®) = 1)
%) —
€

fz

l-z=e ke > rlog

Question: Can we do faster, than this using the first-order information?

R /—omin oo
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Recap
xk+1 — xk _ oszf(xk)

Gradient Descent: min f(z)
zeRn

smooth & strongly convex (or PL)

convex (non-smooth) smooth (non-convex) smooth & convex

7) rmer~o(i) se-ro(d) psro((-4))
kENO(mlogé>

o) kol
€ €

For smooth strongly convex we have: Finally we have

1@ -1 < (1-5) ) - ). =g < (1

Note also, that for any =

—_r<e®
l—z<e ke > rlog

Question: Can we do faster, than this using the first-order information? Yes, we can.
0 O

R /—omin oo
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Lower bounds

Lower bounds
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Lower bounds
———— N ———

QJO“Q
L (% SU"DO%‘ MW

GO

M m“ﬂz MY &

convex (non-smooth) smooth (non-convex)*

smooth & convex?

()

A¢

smooth & strongly convex (or PL)

o((1-y5))

1 1
ke v O = kgw(’)(\/ﬁlogf)
NG €
1Carmon, Duchi, Hinder, Sidford, 2017
2Nemirovski, Yudin, 1979
‘f%?ﬂy‘rﬁ Lower bounds 0 0
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Lower bounds

The iteration of gradient descent:
xk+1 _ mk _ akvf(mk)

—_ .’L’k71 o akflvf(xkfl) . akvf(lljk)

k
_ xo _ Z ak—ivf(zk—i)
i=0

‘f - ;nylr; Lower bounds
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Lower bounds

The iteration of gradient descent:
xk+1 _ mk _ Oékvf(mk)

—_ .’L'k71 o akflvf(xkfl) . akvf(lljk)
k
— 29— Z ak—ivf(xk—i)
=0

Consider a family of first-order methods, where

2" € 2% + span {Vf(xo),Vf(wl), .- -,Vf(xk)} ()

— min
‘f Tz Lower bounds

22
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Lower bounds
The iteration of gradient descent:
phtl — R aka(mk) i Non-smooth convex case
_ k-1 k—1 k-1 k k
=z —a T Vf(ET) =t V(") There exists a function f that is M-Lipschitz and

convex such that any first-order method of the
form 2 satisfies

K
_.0 k—i k—i . i oo M|z% — a2
=T — E a" 'V (") min f(z') — >
— z'eu,k]f( )=z 2(1 +Vk)

Consider a family of first-order methods, where

2" € 2% + span {Vf(xo),Vf(ﬂﬂl), .- -,Vf(xk)} ()

‘f%w‘; Lower bounds 0 0
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Lower bounds

The iteration of gradient descent:

2" = b — o)

_ .’L'k71 o akflvf(:ckfl) . akvf(fl:k)

k
_ :Co _ Z ak—ivf(l_k—i)
i=0

Consider a family of first-order methods, where

2" € 2% + span {Vf(xo),Vf(ﬂﬂl), .- -,Vf(xk)} ()

‘f — min
Tz

Lower bounds

°
1 Non-smooth convex case

There exists a function f that is M-Lipschitz and
convex such that any first-order method of the
form 2 satisfies

. 0 _ %
min f(xl) — f* > M
i€[L,k] 2(1 + Vk)

i Smooth and convex case
There exists a function f that is L-smooth and con-

vex such that any first-order method of the form 2
satisfies

e e 3Ll a3
i J@) =12 =i
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‘f — min
Tz

Strongly convex quadratic problem

Strongly convex quadratic problem
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Polyak Heavy ball method

Trajectories with Contour Plot

.

T

Gradient Descent with step 3.5e-01 §
Start Point
Optimal Point 2

Trajectories with Contour Plot

-

T

Hoavy ball with a 3.50.01 and f 3.00-01 ]
Start Point ==
Optimal Point

‘f — min
Tz

Heavy ball

Let's introduce the idea of momentum, proposed by Polyak in 1964. Recall that the

momentum update is

" = 2* — oV (") + Be” — zro1)

Z

optimal hyperparameters for strongly convex quadratics:

* * .
a”, " = argmin max
a,f A€lp,L]

p(M)

* 4

(VL + /)?

; ﬁ*=<

\E—\/ﬁ>2
VL+ )
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Heavy Ball quadratics convergence a 2¢-1 a
y e y X =10 - 3 s

74y 10|
4
- -1 |
Q =10 \g’— b o9
R+ 10+

i Theorem
Assume that f is quadratic p-strongly convex L-smooth quadratics, then Heavy Ball method with parameters

o= 4 B_ﬁ—ﬁ
WL+ VIt i

converges linearly:

VE 1K
* K —
lzx —x"]]2 < (\/E—i—l)

‘f - ;nylr; Heavy ball
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Heavy Ball Global Convergence 3
i Theorem

Assume that f is smooth and convex and that

Bel0,1), aec (0,2(1;5))

Then, the sequence {x)} generated by Heavy-ball iteration satisfies
llzo—a*|I> [ LB 1-8 . 1-p8
2‘2T+1)<16+o¢)7 IfozE(O,T]:

lzo—a*|> -2\ 1-8 2(1-5)
ST A= =aT) <L/5' + >, if ac [T’ T)’

where T is the Cesaro average of the iterates, i.e.,

T
_ 1

f@r) - f" <

3Global convergence of the Heavy-ball method for convex optimization, Euhanna Ghadimi et.al.

‘f - fnﬂ Heavy ball
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Heavy Ball Global Convergence *

i Theorem
Assume that f is smooth and strongly convex and that
ae(0,2), 0<p<i “O‘+\/“20‘2+4(1—6“L)
L7 - 2\ 2 4 2 )

where ag € (0,1/L]. Then, the sequence {z\} generated by Heavy-ball iteration converges linearly to a
unique optimizer z*. In particular,

flaw) = 5 < " (f(xo) — ),
where g € [0,1).

“Global convergence of the Heavy-ball method for convex optimization, Euhanna Ghadimi et.al.
lf%ﬁ}‘i Heavy ball 0 O
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Heavy ball method summary

® Ensures accelerated convergence for strongly convex quadratic problems

‘f - ;nylr; Heavy ball
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Heavy ball method summary

® Ensures accelerated convergence for strongly convex quadratic problems
® |ocal accelerated convergence was proved in the original paper.

‘f - §ny1r; Heavy ball
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Heavy ball method summary

® Ensures accelerated convergence for strongly convex quadratic problems
® |ocal accelerated convergence was proved in the original paper.
® Recently was proved, that there is no global accelerated convergence for the method.

‘f - m}'ﬁ Heavy ball
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Heavy ball method summary

Ensures accelerated convergence for strongly convex quadratic problems

Local accelerated convergence was proved in the original paper.

Recently was proved, that there is no global accelerated convergence for the method.
Method was not extremely popular until the ML boom

‘f - fnﬂ Heavy ball
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Heavy ball method summary OV\UNL Wrﬁne{ b?- momentum

Ensures accelerated convergence for strongly convex quadratic problems

Local accelerated convergence was proved in the original paper.

Recently was proved, that there is no global accelerated convergence for the method.

Method was not extremely popular until the ML boom

Nowadays, it is de-facto standard for practical acceleration of gradient methods, even for the non-convex
problems (neural network training)

lf%ﬁ}‘i Heavy ball 0 O
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‘f — min
Tz

Nesterov accelerated gradient

Nesterov accelerated gradient
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The concept of Nesterov Accelerated Gradient method

GD ne

Tpp1 = T — aV f(ay) Tpy1 = ok —aV f(xr) + B(zr — k1) {

2P ¢

— mi .
‘f wl} Nesterov accelerated gradient

Yk+1
Tk+1

=z + B(re —xp-1)
= yr+1 — aV [ (Yr+1)
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The concept of Nesterov Accelerated Gradient method

cd 1 VAG: e etk dof(eplic k)

Y1 = Tk + B(zp — T—1)
1 = o — oV (k) 1 = ok — oV f(o) + Bk —2h-1) xk+m(yk+1)

Let's define the following notation 1\

et =2 —aVf(x) Gradient step

dr = Br(xr — Th-1) Momentum term nQS";QfOV = true,

Then we can write down:

Tht1 = xﬁ Gradient Descent
Thyr = ) + d, Heavy Ball CHOZSMAA Mg wdl,
Tho1 = (zk +di)t Nesterov accelerated gradient nor e

tuanetnet womentum |

‘f - Wy‘l} Nesterov accelerated gradient 0 O 32
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NAG convergence for quadratics
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General case convergence
i Theorem
Let f: R™ — R is convex and L-smooth. The Nesterov Accelerated Gradient Descent (NAG) algorithm is

designed to solve the minimization problem starting with an initial point zo = yo € R™ and Ao = 0. The
algorithm iterates the following steps:

Gradient update: Ykl = Th — %Vf(xk)
Extrapolation: Tht1 = (1 — &) Yk+1 + YeYs
Extrapolation weight: \g;1 = 1-%-7 ';+4>\'2“
Extrapolation weight: Y = 1)\;_);]“

The sequences {f(yx)}ken produced by the algorithm will converge to the optimal value f* at the rate of
o (,}2) specifically:

« _ 2L||zo — z*|?

fle) - 7 < Mz 2o

‘f - 511‘}1; Nesterov accelerated gradient 0 O
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General case convergence

i Theorem

Let f : R™ — R is u-strongly convex and L-smooth. The Nesterov Accelerated Gradient Descent (NAG)
algorithm is designed to solve the minimization problem starting with an initial point o = yo € R" and
Ao = 0. The algorithm iterates the following steps:

Gradient update: Ykt1 = Tk — %Vf(ack)
Extrapolation: Trr1 = (1 — Ye)Yht1 + Ve
Extrapolation weight: Ve = M
VL+ i
The sequences { f(yx)}ren produced by the algorithm will converge to the optimal value f* linearly:
o) = 1 < B o = e (- )

— mi .
‘f 511‘}1; Nesterov accelerated gradient
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‘f — min
Tz

Non-smooth problems

Non-smooth problems
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(1-regularized linear least squares €L4 [1
{1 induces sparsity

{ regularization. |Xw — y||3 » min {1 regularization. | Xw — y||3 » min
. Wl <1 . wh <1
3]
2
~
N
1]
o
.._1 4
-4 -3 -2 -1 0 1 2 3 4 -4 -3 -2 -1 0 1 2 3 4

@fminxyz
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Norms are not smooth

min f(2),

A classical convex optimization problem is considered. We assume that f(z) is a convex function, but now we do

"X“q p = e Norm Cone |\K'L«

not require smoothness.

N

p =2 Norm Cone
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Figure 6: Norm cones for different p - norms are non-smooth

‘f - ;nyu} Non-smooth problems
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Wolfe’'s example
Wolfe's example .\J.e.ams

I\, € A newigmn

Figure 7: Wolfe's example. ®Open in Colab

Non-smooth problems
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Convex function linear lower bound

An important property of a continuous convex
function f(z) is that at any chosen point zg
for all z € dom f the inequality holds:

f(@) = f(wo) + (g, & — o)

\ 4

0 g T

Figure 8: Taylor linear approximation serves as a global lower bound for a
convex function
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Convex function linear lower bound
An important property of a continuous convex
function f(z) is that at any chosen point zg
Yy for all z € dom f the inequality holds:
f(z)

f(@) = f(wo) + (g, & — o)

f(ﬂ?o) + <g, Xr — .’Eo> for some vector g, i.e., the tangent to the
graph of the function is the global estimate
from below for the function.

e If f(z) is differentiable, then g = V f(x0)

\ 4

0 g T

Figure 8: Taylor linear approximation serves as a global lower bound for a
convex function
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Convex function linear lower bound
An important property of a continuous convex
function f(z) is that at any chosen point zg
Yy for all z € dom f the inequality holds:
f(z)

f(@) = f(wo) + (g, & — o)

f(ﬂ?o) + <g, Xr — .’Eo> for some vector g, i.e., the tangent to the
graph of the function is the global estimate
from below for the function.

e If f(z) is differentiable, then g = V f(x0)
® Not all continuous convex functions are
differentiable.
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Figure 8: Taylor linear approximation serves as a global lower bound for a
convex function
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Convex function linear lower bound
An important property of a continuous convex
function f(z) is that at any chosen point zg
Yy for all z € dom f the inequality holds:
f(z)

f(@) = f(wo) + (g, & — o)

f(ﬂ?o) + <g, Xr — .’Eo> for some vector g, i.e., the tangent to the
graph of the function is the global estimate
from below for the function.

e If f(z) is differentiable, then g = V f(x0)
® Not all continuous convex functions are
differentiable.
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Figure 8: Taylor linear approximation serves as a global lower bound for a
convex function
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Convex function linear lower bound

0 o

\ 4

Figure 8: Taylor linear approximation serves as a global lower bound for a

convex function

— mi "
‘f 5“;‘; Subgradient calculus

An important property of a continuous convex
function f(z) is that at any chosen point zg
for all z € dom f the inequality holds:

f(@) = f(wo) + (g, & — o)

for some vector g, i.e., the tangent to the
graph of the function is the global estimate
from below for the function.
e If f(z) is differentiable, then g = V f(x0)
® Not all continuous convex functions are
differentiable.
We wouldn’t want to lose such a nice property.
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Subgradient and subdifferential
A vector g is called the subgradient of a function f(x) : S — R at a point ¢ if Yz € S:

f(z) > f(@o) + (9,2 — To)

‘f - ;nylr; Subgradient calculus
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Subgradient and subdifferential
A vector g is called the subgradient of a function f(x) : S — R at a point ¢ if Yz € S:

f(z) > f(@o) + (9,2 — To)

The set of all subgradients of a function f(z) at a point zo is called the subdifferential of f at zo and is denoted by

Of (wo).

‘f - §ny1r; Subgradient calculus 0 O 42
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Subgradient and subdifferential
A vector g is called the subgradient of a function f(x) : S — R at a point ¢ if Yz € S:

f(z) > f(@o) + (9,2 — To)

The set of all subgradients of a function f(z) at a point zo is called the subdifferential of f at zo and is denoted by

Of (zo).

[_92] df(z0) = [g1; 9]

0 o T 0 o T 0 o T

) Figure 9: Subdifferential is a set of all possible subgradients
‘fﬁ}fnﬂ Subgradient calculus 0 O 42
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Subgradient and subdifferential
Find 0f (), if f(z) = |z|

‘f - wl} Subgradient calculus
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Subgradient and subdifferential

Find 0f (), if f(z) = |z|

f(z) = |z|

A

A

‘f - ;nyul Subgradient calculus
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Subgradient Method

Subgradient Method
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Algorithm

A vector g is called the subgradient of the function f(z): S — R at the point z¢ if Vz € S:

f(z) > f(xo) + (9,2 — To) 8
QLU (x

3

A

- \)(
rd

A 4

‘f - §“}‘§ Subgradient Method Q0
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Algorithm

A vector g is called the subgradient of the function f(z): S — R at the point z¢ if Vz € S:

f(z) > f(@o) + (9,2 — To)

The idea is very simple: let's replace the gradient V f(z) in the gradient descent algorithm with a subgradient g at
point xy:
Tk4+1 = Tk — Ok Gk,

where gy, is an arbitrary subgradient of the function f(x) at the point xy, gx € 9f(zk)

‘f% 5“.}‘; Subgradient Method 0 O 45
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Convergence results c0s A\Z '3\ G D . -A_KQ

i Theorem

. . —x” /1 .
Let f be a convex G-Lipschitz function. For a fixed step size a = llzo = 27| —, subgradient method

G
satisfies (
— P G”:Eo — :E* ||2
_ < 220 7 & N2

LN (i) is slow, but already hits the lower bound (O (%) in the strongly convex case).

T

‘f% EHA}‘; Subgradient Method 0 O
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Convergence results

i Theorem

. —x" 1
Let f be a convex G-Lipschitz function. For a fixed step size a = wq | —, subgradient method

satisfies
+ < Gllzo — 7|2

K-1
_ _ 1
f@) —f _T fE:gé%

LN (ﬁ) is slow, but already hits the lower bound (O (%) in the strongly convex case).

® Proved result requires pre-defined step size strategy, which is not practical (usually one cas just use several

diminishes strategies).

‘f - EHA}‘; Subgradient Method
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Convergence results

i Theorem

. —x" 1
Let f be a convex G-Lipschitz function. For a fixed step size a = wq | —, subgradient method

satisfies
+ < Gllzo — 7|2

K-1
_ _ 1
f@) —f _T fE:gé%

LN (ﬁ) is slow, but already hits the lower bound (O (%) in the strongly convex case).

® Proved result requires pre-defined step size strategy, which is not practical (usually one cas just use several

diminishes strategies).
® There is no monotonic decrease of objective.

‘f - EHA}‘; Subgradient Method
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Convergence results

Theorem

. —x" 1
Let f be a convex G-Lipschitz function. For a fixed step size a = wq / e subgradient method

satisfies

K—-1
- * G”ZL‘() - CL'*”Q _ 1
— < - = = — .
f@ - < Wive T=5 kg_o Ti

@ (ﬁ) is slow, but already hits the lower bound (O (%) in the strongly convex case).

Proved result requires pre-defined step size strategy, which is not practical (usually one cas just use several
diminishes strategies).

® There is no monotonic decrease of objective.

Convergence is slower, than for the gradient descent (smooth case). However, if we will go deeply for the
problem structure, we can improve convergence (proximal gradient method).

‘f% 5“.}‘; Subgradient Method 0 O 46
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Convergence results ~ CEAL  BOMYCKATE Cﬂg‘@auﬂ‘m"ﬂa MLy e J=coet

Theorem G - konuet AHTA
A %®
Let f be a convex G-Lipschitz function and f2* = ~min f(x"). For a fixed step size a, subgradient method
satisfies o )
G a
li best < f*
e s I
Theorem
Let f be a convex G-Lipschitz function and fP** = __rilinkf(xi). For a diminishing step size oy (square

yeeny

summable but not summable. Important here that step sizes go to zero, but not too fast), subgradient method
satisfies

lim f3* < f*
k— oo
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Linear Least Squares with /;-regularization

Algorithm will be written as:

1
min -||Az — b||§ + Mzl
z€R™ 2

Tpt1 = Tk — Ak (AT(A:ck —b)+ )\sign(xk))

where signum function is taken element-wise.

‘f — min
Tz

Applications

Gap to approx. optimal f(x) — f(x ")

LLS with /; regularization. 2 runs. A =1

102 4 102 4
1071 A 107 4
107 A — 1074
E
1077 4 3 1071
10-10 4 10-10 4
10734 10713 4
T T T T T T T T T T T T
0 100 200 300 400 500 0 100 200 300 400 500
iteration iteration
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Regularized logistic regression

Given (z;,y:) € RP x {0,1} for i = 1,...,n, the logistic regression function is defined as:

n

FO) =" (~yal 0 +10g(1 + exp(a] 0)))

i=1
This is a smooth and convex function with its gradient given by:

n

VIO) =) (i = si(0))

i=1

exp(z?G)

Trexp(:T0)" fori =1,...,n. Consider the regularized problem:

where s;(0) =
f0)+ Ar(0) — mgin

where 7(0) = ||0]|3 for the ridge penalty, or r(8) = ||8||1 for the lasso penalty.

B Somin L ions
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Support Vector Machines -}

v A

$a

—= N

Let D = {(xi,y:) | w: € R",y; € {£1}} 7

We need to find 8 € R™ and b € R such that ma X
m HL’lMam

min_ 2013+ S max(0,1 -y (0w, + b))
6cR™ ,beR 2 ’
X = e (- %; >§

‘f%){nyul Applications 0 O 51
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Subgradient method

Subgradient Method:

‘f - i Applications

min f(z)

zeR™

Tk+1 = Tk — OkGk,

gk € Of (xk)
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Subgradient method

Subgradient Method:

ng%{{r}1 f(x) Tht1 = Tk — akgr, gk € Of (k)

convex (non-smooth)

strongly convex (non-smooth)

fla) — [~ 0 (ﬁ)
o (2)

fa) =1 ~0(3)

=0
3]

‘f - fnﬂ Applications
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Subgradient method

Subgradient Method: min f(z)

zeR™

Tht1 = Tk — OkGk, Gk € Of (zk)

convex (non-smooth)

strongly convex (non-smooth)

Fan) =~ O (ﬁ)
o2

fa) -1 ~0(5)

=0
13

i Theorem

Assume that f is G-Lipschitz and convex, then
Subgradient method converges as:

f@-f < G—jg

‘f - EHA}‘; Applications

where
[ ] o =

S
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Subgradient method

Subgradient Method: m%&n f(x) Tht1 = Tk — QkGr, gk € Of (k)
xER™
convex (non-smooth) strongly convex (non-smooth)
fa)~f ~0 (o fa) =1 ~0(3)
k 7% k "

kENO(iQ> k5~o(1)
£ E

i Theorem
Assume that f is G-Lipschitz and convex, then where
Subgradient method converges as: ° o= Gi\ﬁ

o R= a2
f@%ﬁ“s%%, ’

‘f - EHA}‘; Applications
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Subgradient method

Subgradient Method: m%&n f(x) Tht1 = Tk — kG, gk € Of(Tk)
xER™
convex (non-smooth) strongly convex (non-smooth)
fa)~f ~0 (o fa) =1 ~0(3)
k NG k A
o3 =0
€ €
i Theorem
Assume that f is G-Lipschitz and convex, then where
Subgradient method converges as: ° o= Gi\ﬁ
f) - < OF Tl
- \/%7 ® T = % Z x;
i=0

‘f - EHA}‘; Applications
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Non-smooth convex optimization lower bounds

convex (non-smooth) strongly convex (non-smooth)
fa) =~ 0 fa) - ~0(3)
k NG k %

-0 (2) o ()
5 g

B Somin L ions
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Non-smooth convex optimization lower bounds

convex (non-smooth) strongly convex (non-smooth)
fa) =~ 0 fa) - ~0(3)
k NG k %

-0 (2) o ()
5 g

® Subgradient method is optimal for the problems above.

B Somin L ions
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Non-smooth convex optimization lower bounds

convex (non-smooth) strongly convex (non-smooth)
flan) = ~0 (o fa) - ~0(3)
k NG k %

-0 (2) o ()
5 g

® Subgradient method is optimal for the problems above.
® One can use Mirror Descent (a generalization of the subgradient method to a possiby non-Euclidian distance)
with the same convergence rate to better fit the geometry of the problem.

‘fﬁ}fnﬂ Applications 0 O 53
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Non-smooth convex optimization lower bounds

convex (non-smooth) strongly convex (non-smooth)

fla) ~f ~0 (%) S -1~ 0 ()
o -o(2) =0

® Subgradient method is optimal for the problems above.
® One can use Mirror Descent (a generalization of the subgradient method to a possiby non-Euclidian distance)

with the same convergence rate to better fit the geometry of the problem.
® However, we can achieve standard gradient descent rate O (%) (and even accelerated version O (k%)) if we

will exploit the structure of the problem.

‘f - EHA}‘; Applications
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‘f — min
Tz

Proximal operator

Proximal operator
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Proximal mapping intuition
Consider Gradient Flow ODE:

Explicit Euler discretization:

— min :
‘f Tz Proximal operator

dx
dt

—Vf(x)
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Proximal mapping intuition

Consider Gradient Flow ODE: p
T

dt
Explicit Euler discretization:

Th+1 — Tk _
0 = V(=)

Leads to ordinary Gradient Descent method

— min :
‘f Tz Proximal operator

—Vf(x)
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Proximal mapping intuition

Consider Gradient Flow ODE: p
T
a = V@

Explicit Euler discretization: Implicit Euler discretization:

Thit — Tk _ —V () 7““&_ L —V f(zrt1)
a

Leads to ordinary Gradient Descent method

‘f - §ny1r; Proximal operator Q@0
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Proximal mapping intuition

Consider Gradient Flow ODE: p
T
a = V@

Explicit Euler discretization: Implicit Euler discretization:

Thit — Tk _ —V () 7““&_ L —V f(zrt1)
a

Tk+1 — Tk
a

Leads to ordinary Gradient Descent method +Vf(zre1) =0

‘f - §ny1r; Proximal operator Q@0
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Proximal mapping intuition
Consider Gradient Flow ODE:

Explicit Euler discretization:

Th+1 — Tk _
0 = V(=)

Leads to ordinary Gradient Descent method

— min :
‘f Tz Proximal operator

dx

i = -V f(z)

Implicit Euler discretization:
x —z
% = —Vf(zr1)

LH—IO; Tk + Vf(zp+1) =0

x%’ww(x) =0

T=Th 41
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Proximal mapping intuition
Consider Gradient Flow ODE:

Explicit Euler discretization:

Th+1 — Tk _
0 = V(=)

Leads to ordinary Gradient Descent method

— min :
‘f Tz Proximal operator

dx
i = -V f(z)

Implicit Euler discretization:
x —z
% = —Vf(zr1)

LH—IO; Tk + Vf(zp+1) =0

x%’ww(x) =0

T=Th 41

=0

T=Tg41

V [5olle -l + )]
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Proximal mapping intuition
Consider Gradient Flow ODE:

Explicit Euler discretization:

Th+1 — Tk _
0 = V(=)

Leads to ordinary Gradient Descent method

— min :
‘f Tz Proximal operator

dx
i = -V f(z)

Implicit Euler discretization:
x —z
% = —Vf(zr1)

LH—IO; Tk + Vf(zp+1) =0

x%’ww(x) =0

T=Th 41

1

=0
2«

T=Tg41

V [5qlle = aull3 + f(@)]

. 1
Ti+1 = arg min [f(ac) + %Hx - mk||§}
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Proximal mapping intuition
Consider Gradient Flow ODE:

Explicit Euler discretization:

Th+1 — Tk _
0 = V(=)

Leads to ordinary Gradient Descent method

— min :
‘f Tz Proximal operator

dx
i = -V f(z)

Implicit Euler discretization:
x —z
% = —Vf(zr1)

LH—IO; Tk + Vf(zp+1) =0

x%’ww(x) =0

T=Th 41

1

=0
2«

T=Tg41

V [5qlle = aull3 + f(@)]
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Proximal mapping intuition
Consider Gradient Flow ODE:

dx
i = -V f(x)
Explicit Euler discretization: Implicit Euler discretization:
_ x -
Thit — Tk _ —V () L2k VS (zr4)
Leads to ordinary Gradient Descent method Thtl — Tk +Vf(zrs1) =0
a
7% 4 Vi(2) —0
T=Tp4
V[l —mli+f@]| =0
2« T=Tp41

. 1
Ti+1 = arg min [f(ac) + %Hx - mk||§}

! Proximal operator

prox (zy) = arg IIEIII}L [ (z) + —Haj — xk||2} uvgmmKow' (x\ + :QL“X’ ﬂ
< xe®"
R Somin g imal operator @00 55
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Proximal operator visualization
1
Proxy(z) = argmin §||as — 2>+ f(z')

Non-convex Convex
p=0 p=0s p=1 s\ p=1 p=15 p=2
2 6
f(@) = |af? \
‘ 2 f(@) = |af”
X
o ]
) Proxy(x) Proxy(x)
1
0 0
&
2 ]
T

-3 =2 -1 0 1 2 3 -3 -2 -1 0 1 2

Figure 12: Source

— min :
‘f Tz Proximal operator
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Proximal mapping intuition

® GD from proximal method. Back to the discretization:

— min :
‘f Tz Proximal operator
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Proximal mapping intuition
® GD from proximal method. Back to the discretization:

Tpt1 + oV f(Tri1) = o

— min :
‘f Tz Proximal operator
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Proximal mapping intuition
® GD from proximal method. Back to the discretization:

Tpr1 + aVf(Tri1) = zk
I+ aVf)(zr+1) = xk

— min :
‘f Tz Proximal operator
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Proximal mapping intuition
® GD from proximal method. Back to the discretization:

Tpr1 + aVf(Tri1) = zk
I+ aVf)(zr+1) = xk

a—0

Tpt1 = (I+QVf)_lxk ~

— min :
‘f Tz Proximal operator

(I —aV )z
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Proximal mapping intuition
® GD from proximal method. Back to the discretization:

Tpr1 + aVf(Tri1) = zk
I+ aVf)(zr+1) = xk

a—0

Tpt1 = (I+QVf)_lxk ~

— min :
‘f Tz Proximal operator

(I —aV )z
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Proximal mapping intuition
® GD from proximal method. Back to the discretization:

Tpr1 + aVf(Tri1) = zk
I+ aVf)(zr+1) = xk

a—0

zhr =T +aVH) ey = (I—aVf)z

Thus, we have a usual gradient descent with o — 0: zx11 = 2k — aV f(zk)

® Newton from proximal method. Now let's consider proximal mapping of a second order Taylor approximation
of the function f!!(z):

‘f% 5“.}‘; Proximal operator 0 O 57
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Proximal mapping intuition
® GD from proximal method. Back to the discretization:

Tpr1 + aVf(Tri1) = zk
I+ aVf)(zr+1) = xk

a—0

zhr =T +aVH) ey = (I—aVf)z

Thus, we have a usual gradient descent with o — 0: zx11 = 2k — aV f(zk)

® Newton from proximal method. Now let's consider proximal mapping of a second order Taylor approximation
of the function f!!(z):

. 1 1
Tht1 = proxgir o (Tk) = arg min J(wg) +(Vf(zr),  — xk) + §<V2f($k)(l’ — o),z — Tk) + %Hl’ - xkl\g}

‘f% 5“.}‘; Proximal operator 0 O 57
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Proximal mapping intuition
® GD from proximal method. Back to the discretization:

Tpr1 + aVf(Tri1) = zk
I+ aVf)(zr+1) = xk

a—0

zhr =T +aVH) ey = (I—aVf)z

Thus, we have a usual gradient descent with o — 0: zx11 = 2k — aV f(zk)

® Newton from proximal method. Now let's consider proximal mapping of a second order Taylor approximation
of the function f!!(z):

. 1 1
Tht1 = proxgir o (Tk) = arg min J(wg) +(Vf(zr),  — xk) + §<V2f($k)(l’ — o),z — Tk) + %Hl’ - xkl\g}

V(@) + VP ()@ - ) + (- ) ~0

T=Th41

‘f% 5“.}‘; Proximal operator 0 O 57
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Proximal mapping intuition
® GD from proximal method. Back to the discretization:

Tpr1 + aVf(Tri1) = zk
I+ aVf)(zr+1) = xk

a—0

zhr =T +aVH) ey = (I—aVf)z

Thus, we have a usual gradient descent with o — 0: zx11 = 2k — aV f(zk)

® Newton from proximal method. Now let's consider proximal mapping of a second order Taylor approximation
of the function f!!(z):

. 1 1
Tht1 = Prox s o(2x) = arg min {f(l’k) +(Vf(zk),z —zk) + §<V2f($k)(l’ —@k), @ = 2k) + 5l — xkl\g}

V(@) + VP ()@ - ) + (- ) ~0

T=Th41

2 1]t
Tyl = Tk — {V flzk) + al} V f(xx)

‘f% 5“.}‘; Proximal operator 0 O 57
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From projections to proximity

Let Is be the indicator function for closed, convex S. Recall orthogonal projection 7s(y)

— min :
‘f Tz Proximal operator
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From projections to proximity

Let Is be the indicator function for closed, convex S. Recall orthogonal projection 7s(y)

(v) ar min1||x ||2
oy = —||lz — .
s\Y gzes 2 Yll2

— min :
‘f Tz Proximal operator
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From projections to proximity

Let Is be the indicator function for closed, convex S. Recall orthogonal projection 7s(y)

(v) arg min 1||917 ||2
oy = —||lz — .
s\Y gzes 2 Yll2

With the following notation of indicator function

0, ze€b,
]Is(x):{oo 2 ¢S

— min :
‘f Tz Proximal operator
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From projections to proximity

Let Is be the indicator function for closed, convex S. Recall orthogonal projection 7s(y)

(v) arg min 1||917 ||2
oy = —||lz — .
s\Y gzes 2 Yll2

With the following notation of indicator function

0, ze€b,
]Is(x):{oo 2 ¢S

Rewrite orthogonal projection ms(y) as

1
s (y) := arg min ||z — y||* + Ls(z).
o8 2

— min :
‘f Tz Proximal operator
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From projections to proximity

Let Is be the indicator function for closed, convex S. Recall orthogonal projection 7s(y)

(v) arg min 1||917 ||2
oy = —||lz — .
s\Y gzes 2 Yll2

With the following notation of indicator function

0, ze€b,
]Is(x):{oo 2 ¢S

Rewrite orthogonal projection ms(y) as

1
s (y) := arg min ||z — y||* + Ls(z).
o8 2

Proximity: Replace s by some convex function!

1
prox,.(y) = prox,., (y) := argmin _ |}z — y|* + 7(x)

— min :
‘f Tz Proximal operator
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‘f — min
Tz

Composite optimization

Composite optimization
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Regularized / Composite Objectives

Many nonsmooth problems take the form

min o(z) = f(z) + r(z)

TERM

® Lasso, L1-LS, compressed sensing
et Y R

f(@) = 314z — b3, r(z) = Mol

— mi : P
‘f §ny1r; Composite optimization

f(z)

Smooth

r(z)

Non-smooth
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Regularized / Composite Objectives

Many nonsmooth problems take the form

min @ (x) = f(x) + ()
:):-EIRTI
® Lasso, L1-LS, compressed sensing
1
flz) = 5l Az — blI3, 7(x) = All/

® | 1-Logistic regression, sparse LR

f(z) = —ylog h(z)—(1-y) log(1-h(z)), r(z) = Allz[lr

— mi : P
‘f ﬁ}‘i Composite optimization

f(z)

Smooth

r(z)

Non-smooth
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Proximal mapping intuition
Optimality conditions:

— mi N P
‘f ;nyul Composite optimization

0eVf(z")+0r(z")

mim @ (x)
()= ¥ +r0)

61
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Proximal mapping intuition
Optimality conditions:

— mi N P
‘f Wy‘l} Composite optimization

0eVf(z")+0r(z")
0 € aVf(z™)+ adr(z")
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Proximal mapping intuition
Optimality conditions:

— mi N P
‘f Wy‘l} Composite optimization

0€ Vf(z") +or(z")
0 € aVf(z™)+ adr(z")
¥ €aVf(z")+ (I + adr)(z")

X
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Proximal mapping intuition
Optimality conditions:
0€ Vf(z") +or(z")

0 € aVf(z™)+ adr(z")
¥ €aVf(z")+ (I + adr)(z")
¥ —aVf(z") € (I+adr)(z")

— mi N P
‘f ;nylr; Composite optimization
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-\
Proximal mapping intuition 2, = [\)( => % = A ﬂ) oo AX,
Optimality conditions: v
0eVf(z")+0r(z") fels
B\ X0k 0 € aVf(z") + adr(z") L

— v € aV i )W
z* —aVf(z") e (I+adr) E))(Og

= (I +adr) (" —aVf"))

‘f - ?qyu} Composite optimization 0 O 61
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Proximal mapping intuition
Optimality conditions:
0€ Vf(z") +or(z")

0 € aVf(z™)+ adr(z")
¥ €aVf(z")+ (I + adr)(z")
¥ —aVf(z") € (I+adr)(z")

z* = (I +adr) ' (z" —aVf(z"))
z* = prox, ,(z" —aV f(z"))

— mi N P
‘f ;nylr; Composite optimization

61


Daniil Merkulov

Daniil Merkulov

https://fmin.xyz
https://mda24.fmin.xyz
https://github.com/MerkulovDaniil/mda24
https://t.me/fminxyz

Proximal mapping intuition
Optimality conditions:
0€ Vf(z") +or(z")

0 € aVf(z™)+ adr(z")
¥ €aVf(z")+ (I + adr)(z")
¥ —aVf(z") € (I+adr)(z")
= (I +adr) (=" —aVf(z"))

z*
"= proxr,a(x* - an(a:*))

— mi N P
‘f ;nylr; Composite optimization
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Proximal mapping mtumon
Optimality conditions: P * a_q%( 3 . X " [¥ (X\ < r(x‘\j
\.,&@ v&(# Y o 0€ Vf(z") +or(z") Xe @

o M 0 € aVf(z") + adr(z")
*5 QO'S,(W'} 3@ € aVf(z") + (I + adr)(z")

" —aVf(z*) € (I+adr)(z")
" = (I +adr) (" —aVf(z"))
x" = prox, ,(z" —aVf(z"))

,‘(z| uﬂﬂﬂbw

Which leads to the proximal gradient method: / a QCMQ.L(,HOLU:
Tht1 = prox,. , (Tx — an(mk)) / ’\-FLSWH()W

And this method converges at a rate of O(3)! \M.Q.IDJ

e

Xy PROL (e - ‘,Lv%(xk)s

‘f - §ny1r; Composite optimization 0 O
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Proximal mapping intuition
Optimality conditions:
0€ Vf(z") +or(z")

0 € aVf(z™)+ adr(z")
¥ €aVf(z")+ (I + adr)(z")
¥ —aVf(z") € (I+adr)(z")
* = (I +adr)  (z" —aVf(z"))
"= proxr,a(x* - an(a:*))
Which leads to the proximal gradient method:
Tk+1 = proxr,a(mk - an(mk))

And this method converges at a rate of O(3)!

i1 Another form of proximal operator

. 1 . 1
prox; o (1) = prox, s (zx) = arg min [af () + 5llo —anl]  prox,(an) = arg min [£(x) + 3z — 3]
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which is also known as soft-thresholding operator.
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Proximal operators examples V\‘dem&a Xi L0 ) X\ == Xi
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which is also known as soft-thresholding operator. XKL(‘{
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Proximal operators examples

® r(z) =Az|1, A>0
[prox,.(z)]: = [|zi| — Al - sign(z:),

which is also known as soft-thresholding operator.

* r(z) = gllzll3, A >0 .

1+ XM

prox,.(z) =

— mi : P
‘f ;nylr; Composite optimization
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Proximal operators examples

® r(x) = Alzli, A>0
[prox,.(x)]i = [lzs| — Al - sign(zs),
which is also known as soft-thresholding operator.
° r(x) = glzl3, A >0

2
x

1+ XM

prox,.(z) =

° r(x) =1Is(z).
prox,.(zx — aV f(zk)) = proj.(zx — aV f(2k))

— mi : P
‘f §ny1r; Composite optimization
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‘f — min
Tz

Proximal Gradient Method. Convex case

Proximal Gradient Method. Convex case
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Convergence

i Theorem
Consider the proximal gradient method

Tht1 = ProxX,,. (xr — aV f(zk))

For the criterion ¢(x) = f(x) + r(z), we assume:
® f is convex, differentiable, dom(f) = R", and Vf is Lipschitz continuous with constant L > 0.
® 1 is convex, and prox,, (x) = arg min [ar(z) + 3|l — zk[13] can be evaluated.
TER™

Proximal gradient descent with fixed step size a = 1/L satisfies

o _ Llzmo —a*|?
_ P L e | B
wlxr) — ¢~ < 7 7

Proximal gradient descent has a convergence rate of O(1/k) or O(1/¢). This matches the gradient descent rate!
(But remember the proximal operation cost)
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Proximal Gradient Method. Strongly convex case

Proximal Gradient Method. Strongly convex case

65


Daniil Merkulov

https://fmin.xyz
https://mda24.fmin.xyz
https://github.com/MerkulovDaniil/mda24
https://t.me/fminxyz

Convergence

i Theorem
Consider the proximal gradient method

Ti41 = Prox,,. (zx — aVf(zk))

For the criterion ¢(x) = f(x) + r(z), we assume:

® fis p-strongly convex, differentiable, dom(f) = R"™, and Vf is Lipschitz continuous with constant
L>0.

® ris convex, and prox,,.(zx) = arg min |ar(z) + ||z — zx]|3] can be evaluated.
ar ZERP 2

Proximal gradient descent with fixed step size aw < 1/L satisfies
[rs1 = &[5 < (1 — ap)” |lzo — ™13

This is exactly gradient descent convergence rate. Note, that the original problem is even non-smooth!
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Accelerated Proximal Method

i Accelerated Proximal Method

Let o = yo € dom(r). For k > 1:

Achieves

‘f — min
Tz

Proximal Gradient Method. Strongly convex case

T = proxy, p(Ye—1 — eV f(yr-1))
k—1

Yk = Tk + m(a?k — Tp—1)

« _ 2L||lzo — z*||?
olzk) —¢" < %
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Accelerated Proximal Method

i Accelerated Proximal Method
Let o = yo € dom(r). For k > 1:

T = proxy, p(Ye—1 — eV f(yr-1))

=z +E(x —Zp 1)
Yk = Tk k1o Tk k—1

Achieves 9
v _ 2L||lxo — x*
plze) —¢" < %

Framework due to: Nesterov (1983, 2004); also Beck, Teboulle (2009). Simplified analysis: Tseng (2008).

® Uses extra “memory” for interpolation
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Accelerated Proximal Method

i Accelerated Proximal Method
Let o = yo € dom(r). For k > 1:

T = proxy, p(Ye—1 — eV f(yr-1))

==z —|—E(x — Tp—1)
Yk =Tk + 5 (@ — T

Achieves 9
v _ 2L||lxo — x*
plze) —¢" < %

Framework due to: Nesterov (1983, 2004); also Beck, Teboulle (2009). Simplified analysis: Tseng (2008).

® Uses extra “memory” for interpolation
® Same computational cost as ordinary prox-grad
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Accelerated Proximal Method

i Accelerated Proximal Method
Let o = yo € dom(r). For k > 1:

T = proxy, p(Ye—1 — eV f(yr-1))

==z —|—E(x — Tp—1)
Yk =Tk + 5 (@ — T

Achieves 9
v _ 2L||lxo — x*
plze) —¢" < %

Framework due to: Nesterov (1983, 2004); also Beck, Teboulle (2009). Simplified analysis: Tseng (2008).

® Uses extra “memory” for interpolation
® Same computational cost as ordinary prox-grad
® Convergence rate theoretically optimal
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Example: ISTA

Iterative Shrinkage-Thresholding Algorithm (ISTA)

ISTA is a popular method for solving optimization problems involving L1 regularization, such as Lasso. It combines
gradient descent with a shrinkage operator to handle the non-smooth L1 penalty effectively.
® Algorithm:
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Example: ISTA

Iterative Shrinkage-Thresholding Algorithm (ISTA)

ISTA is a popular method for solving optimization problems involving L1 regularization, such as Lasso. It combines
gradient descent with a shrinkage operator to handle the non-smooth L1 penalty effectively.
® Algorithm:
® Given zg, for k > 0, repeat:
Tht1 = Proxyg .|, (T — AV f(zk)),

where prox,q ., (v) applies soft thresholding to each component of v.
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Example: ISTA

Iterative Shrinkage-Thresholding Algorithm (ISTA)

ISTA is a popular method for solving optimization problems involving L1 regularization, such as Lasso. It combines
gradient descent with a shrinkage operator to handle the non-smooth L1 penalty effectively.
® Algorithm:
® Given zg, for k > 0, repeat:
Tht1 = Proxyg .|, (T — AV f(zk)),
where prox,q ., (v) applies soft thresholding to each component of v.
® Convergence:
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Example: ISTA

Iterative Shrinkage-Thresholding Algorithm (ISTA)

ISTA is a popular method for solving optimization problems involving L1 regularization, such as Lasso. It combines
gradient descent with a shrinkage operator to handle the non-smooth L1 penalty effectively.
® Algorithm:
® Given zg, for k > 0, repeat:
Tht1 = Proxyg .|, (T — AV f(zk)),
where prox,q ., (v) applies soft thresholding to each component of v.

® Convergence:
® Converges at a rate of O(1/k) for suitable step size .
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Example: ISTA

Iterative Shrinkage-Thresholding Algorithm (ISTA)

ISTA is a popular method for solving optimization problems involving L1 regularization, such as Lasso. It combines
gradient descent with a shrinkage operator to handle the non-smooth L1 penalty effectively.
® Algorithm:
® Given zg, for k > 0, repeat:
Tht1 = Proxyg .|, (T — AV f(zk)),
where prox,q ., (v) applies soft thresholding to each component of v.

® Convergence:
® Converges at a rate of O(1/k) for suitable step size .

® Application:
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Example: ISTA

Iterative Shrinkage-Thresholding Algorithm (ISTA)

ISTA is a popular method for solving optimization problems involving L1 regularization, such as Lasso. It combines

gradient descent with a shrinkage operator to handle the non-smooth L1 penalty effectively.

® Algorithm:

® Given zg, for k > 0, repeat:

Tht1 = Proxyg .||, (Tx — @V f(@k)),
where prox,q ., (v) applies soft thresholding to each component of v.

® Convergence:

® Converges at a rate of O(1/k) for suitable step size .
® Application:

® Efficient for sparse signal recovery, image processing, and compressed sensing.
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Example: FISTA

Fast Iterative Shrinkage-Thresholding Algorithm (FISTA)

FISTA improves upon ISTA's convergence rate by incorporating a momentum term, inspired by Nesterov's
accelerated gradient method.
® Algorithm:
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Example: FISTA

Fast Iterative Shrinkage-Thresholding Algorithm (FISTA)

FISTA improves upon ISTA's convergence rate by incorporating a momentum term, inspired by Nesterov's
accelerated gradient method.
® Algorithm:
® Initialize x0 = yo, to = 1.
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Example: FISTA

Fast Iterative Shrinkage-Thresholding Algorithm (FISTA)

FISTA improves upon ISTA's convergence rate by incorporating a momentum term, inspired by Nesterov's
accelerated gradient method.
® Algorithm:

‘f — min
Tz

® |nitialize z¢p = yo, to = 1.
® For k > 1, update:
Tp = Proxyg ., (Wk—1 — aVf(yk—1)),

T4 /14482 |

by = ——~—— "
k 2

tp—1 —1
Yk = Tk + T(mk —Tp_1).

Proximal Gradient Method. Strongly convex case D0
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Example: FISTA

Fast Iterative Shrinkage-Thresholding Algorithm (FISTA)
FISTA improves upon ISTA's convergence rate by incorporating a momentum term, inspired by Nesterov's

accelerated gradient method.
® Algorithm:
® |nitialize z¢p = yo, to = 1.
® For k > 1, update:

® Convergence:

‘f - §ny1r; Proximal Gradient Method. Strongly convex case

Tp = Proxyg ., (Wk—1 — aVf(yk—1)),

T4 /14482 |

= ——~— 2
k 2

tp—1 —1

(T — Tp_1)-
Ly

Yk = Tk +
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Example: FISTA

Fast Iterative Shrinkage-Thresholding Algorithm (FISTA)

FISTA improves upon ISTA's convergence rate by incorporating a momentum term, inspired by Nesterov's
accelerated gradient method.
® Algorithm:

® |nitialize z¢p = yo, to = 1.
® For k > 1, update:

® Convergence:

‘f — min
Tz

Proximal Gradient Method. Strongly convex case

Tp = Proxyg ., (Wk—1 — aVf(yk—1)),

T4 /14482 |

by = ——~—— "
k 2

tp—1 —1
Yk = Tk + T(mk —Tp_1).

® Improves the convergence rate to O(1/k?).
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Example: FISTA

Fast Iterative Shrinkage-Thresholding Algorithm (FISTA)

FISTA improves upon ISTA's convergence rate by incorporating a momentum term, inspired by Nesterov's
accelerated gradient method.
® Algorithm:

® |nitialize z¢p = yo, to = 1.
® For k > 1, update:

® Convergence:
® Improves the convergence rate to O(1/k?).

® Application:

‘f — min
Tz

Proximal Gradient Method. Strongly convex case

Tp = Proxyg ., (Wk—1 — aVf(yk—1)),

T4 /14482 |

= ——~— 2
k 2

tp—1 —1

(T — Tp_1)-
Ly

Yk = Tk +
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Example: FISTA

Fast Iterative Shrinkage-Thresholding Algorithm (FISTA)

FISTA improves upon ISTA's convergence rate by incorporating a momentum term, inspired by Nesterov's
accelerated gradient method.
® Algorithm:
® |nitialize z¢p = yo, to = 1.
® For k > 1, update:
Tp = Proxyg ., (Wk—1 — aVf(yk—1)),

T4 /14482 |

ty = ——m—mMm,

2
tp—1 —1
Yk =Tk + ———— (T — Tp—1)-
Ly
® Convergence:
® Improves the convergence rate to O(1/k?).
® Application:
® Especially useful for large-scale problems in machine learning and signal processing where the L1 penalty induces
sparsity.
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Example: Matrix Completion

Solving the Matrix Completion Problem
Matrix completion problems seek to fill in the missing entries of a partially observed matrix under certain
assumptions, typically low-rank. This can be formulated as a minimization problem involving the nuclear norm (sum
of singular values), which promotes low-rank solutions.
® Problem Formulation: 1
. 2
min 2 [[Pa(X) = Pa(M)IIF + AIX .

where Pq projects onto the observed set €2, and || - || denotes the nuclear norm.

R /- min @00 1
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Example: Matrix Completion

Solving the Matrix Completion Problem
Matrix completion problems seek to fill in the missing entries of a partially observed matrix under certain
assumptions, typically low-rank. This can be formulated as a minimization problem involving the nuclear norm (sum
of singular values), which promotes low-rank solutions.
® Problem Formulation: 1
. 2
min 2 [[Pa(X) = Pa(M)IIF + AIX .

where Pq projects onto the observed set €2, and || - || denotes the nuclear norm.
® Proximal Operator:

R /- min @00 1

Proximal Gradient Method. Strongly convex case


Daniil Merkulov

https://fmin.xyz
https://mda24.fmin.xyz
https://github.com/MerkulovDaniil/mda24
https://t.me/fminxyz

Example: Matrix Completion

Solving the Matrix Completion Problem
Matrix completion problems seek to fill in the missing entries of a partially observed matrix under certain
assumptions, typically low-rank. This can be formulated as a minimization problem involving the nuclear norm (sum
of singular values), which promotes low-rank solutions.
® Problem Formulation: 1
min | Pa(X) = Pa(M)|[f + AIX]]-,

where Pq projects onto the observed set €2, and || - || denotes the nuclear norm.

® Proximal Operator:
® The proximal operator for the nuclear norm involves singular value decomposition (SVD) and soft-thresholding of

the singular values.

R /- min @00 10
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Example: Matrix Completion

Solving the Matrix Completion Problem
Matrix completion problems seek to fill in the missing entries of a partially observed matrix under certain
assumptions, typically low-rank. This can be formulated as a minimization problem involving the nuclear norm (sum
of singular values), which promotes low-rank solutions.
® Problem Formulation: 1
min | Pa(X) = Pa(M)|[f + AIX]]-,

where Pq projects onto the observed set €2, and || - || denotes the nuclear norm.

® Proximal Operator:
® The proximal operator for the nuclear norm involves singular value decomposition (SVD) and soft-thresholding of

the singular values.
® Algorithm:

R /- min @00 10
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Example: Matrix Completion

Solving the Matrix Completion Problem
Matrix completion problems seek to fill in the missing entries of a partially observed matrix under certain
assumptions, typically low-rank. This can be formulated as a minimization problem involving the nuclear norm (sum
of singular values), which promotes low-rank solutions.
® Problem Formulation: 1
min & || Po(X) = Po(M)[[7 + AIX].,

where Pq projects onto the observed set €2, and || - || denotes the nuclear norm.

® Proximal Operator:
® The proximal operator for the nuclear norm involves singular value decomposition (SVD) and soft-thresholding of

the singular values.

® Algorithm:
® Similar proximal gradient or accelerated proximal gradient methods can be applied, where the main computational

effort lies in performing partial SVDs.

R /- min 00 10
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Example: Matrix Completion

Solving the Matrix Completion Problem
Matrix completion problems seek to fill in the missing entries of a partially observed matrix under certain
assumptions, typically low-rank. This can be formulated as a minimization problem involving the nuclear norm (sum
of singular values), which promotes low-rank solutions.
® Problem Formulation: 1
min & || Po(X) = Po(M)[[7 + AIX].,

where Pq projects onto the observed set €2, and || - || denotes the nuclear norm.
® Proximal Operator:
® The proximal operator for the nuclear norm involves singular value decomposition (SVD) and soft-thresholding of
the singular values.
® Algorithm:
® Similar proximal gradient or accelerated proximal gradient methods can be applied, where the main computational
effort lies in performing partial SVDs.
e Application:
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Example: Matrix Completion

Solving the Matrix Completion Problem
Matrix completion problems seek to fill in the missing entries of a partially observed matrix under certain
assumptions, typically low-rank. This can be formulated as a minimization problem involving the nuclear norm (sum
of singular values), which promotes low-rank solutions.
® Problem Formulation: 1
min & || Po(X) = Po(M)[[7 + AIX].,

where Pq projects onto the observed set €2, and || - || denotes the nuclear norm.
® Proximal Operator:
® The proximal operator for the nuclear norm involves singular value decomposition (SVD) and soft-thresholding of
the singular values.
® Algorithm:
® Similar proximal gradient or accelerated proximal gradient methods can be applied, where the main computational
effort lies in performing partial SVDs.
e Application:
® Widely used in recommender systems, image recovery, and other domains where data is naturally matrix-formed but
partially observed.
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Summary

® |f we exploit the structure of the problem, we may beat the lower bounds for the unstructured problem.
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Summary

® |f we exploit the structure of the problem, we may beat the lower bounds for the unstructured problem.

® Proximal gradient method for a composite problem with an L-smooth convex function f and a convex proximal
friendly function r has the same convergence as the gradient descent method for the function f. The
smoothness/non-smoothness properties of r do not affect convergence.
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Summary

® |f we exploit the structure of the problem, we may beat the lower bounds for the unstructured problem.

® Proximal gradient method for a composite problem with an L-smooth convex function f and a convex proximal
friendly function r has the same convergence as the gradient descent method for the function f. The
smoothness/non-smoothness properties of r do not affect convergence.

® |t seems that by putting f = 0, any nonsmooth problem can be solved using such a method. Question: is this
true?
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Summary

® |f we exploit the structure of the problem, we may beat the lower bounds for the unstructured problem.

® Proximal gradient method for a composite problem with an L-smooth convex function f and a convex proximal
friendly function r has the same convergence as the gradient descent method for the function f. The
smoothness/non-smoothness properties of r do not affect convergence.

® |t seems that by putting f = 0, any nonsmooth problem can be solved using such a method. Question: is this
true?
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Summary

® |f we exploit the structure of the problem, we may beat the lower bounds for the unstructured problem.

® Proximal gradient method for a composite problem with an L-smooth convex function f and a convex proximal
friendly function r has the same convergence as the gradient descent method for the function f. The
smoothness/non-smoothness properties of r do not affect convergence.

® |t seems that by putting f = 0, any nonsmooth problem can be solved using such a method. Question: is this
true?

If we allow the proximal operator to be inexact (numerically), then it is true that we can solve any nonsmooth
optimization problem. But this is not better from the point of view of theory than solving the problem by
subgradient descent, because some auxiliary method (for example, the same subgradient descent) is used to
solve the proximal subproblem.

® Proximal method is a general modern framework for many numerical methods. Further development includes
accelerated, stochastic, primal-dual modifications and etc.
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Summary

® |f we exploit the structure of the problem, we may beat the lower bounds for the unstructured problem.

® Proximal gradient method for a composite problem with an L-smooth convex function f and a convex proximal
friendly function r has the same convergence as the gradient descent method for the function f. The
smoothness/non-smoothness properties of r do not affect convergence.

® |t seems that by putting f = 0, any nonsmooth problem can be solved using such a method. Question: is this
true?

If we allow the proximal operator to be inexact (numerically), then it is true that we can solve any nonsmooth
optimization problem. But this is not better from the point of view of theory than solving the problem by
subgradient descent, because some auxiliary method (for example, the same subgradient descent) is used to
solve the proximal subproblem.

® Proximal method is a general modern framework for many numerical methods. Further development includes
accelerated, stochastic, primal-dual modifications and etc.

® Further reading: Proximal operator splitting, Douglas-Rachford splitting, Best approximation problem, Three
operator splitting.
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‘f — min
Tz

Newton method

Newton method
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Idea of Newton method of root finding

A

Slope ¢'(z)

éw(flﬁk)

Y

Lr+1 Tk

‘f - fnﬂ Newton method

Consider the function ¢(z) : R — R.
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Idea of Newton method of root finding

Consider the function ¢(z) : R — R.

The whole idea came from building a linear
approximation at the point xj and find its
root, which will be the new iteration point:

A

Slope ¢'(z)

p(Tk)

Y

Lk+1 Tk
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Idea of Newton method of root finding

Consider the function ¢(z) : R — R.

The whole idea came from building a linear
approximation at the point xj and find its
root, which will be the new iteration point:

A

w(xr)

/
Tr) =
© (k) P—

Slope ¢'(z)

p(Tk)

Y

Lk+1 Tk

‘f% 5“.}‘; Newton method 0 O 73


Daniil Merkulov

https://fmin.xyz
https://mda24.fmin.xyz
https://github.com/MerkulovDaniil/mda24
https://t.me/fminxyz

Idea of Newton method of root finding

Consider the function ¢(z) : R — R.

The whole idea came from building a linear
approximation at the point xj and find its
root, which will be the new iteration point:

A

w(xr)

/
Tr) =
© (k) P—

Slope ¢'(z)

We get an iterative scheme:

p(Tk)

Y

Lk+1 Tk
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Idea of Newton method of root finding

Consider the function ¢(z) : R — R.

The whole idea came from building a linear
approximation at the point xj and find its
root, which will be the new iteration point:

A

w(xr)

/
Tr) =
© (k) P—

Slope ¢'(z)

We get an iterative scheme:

o(wk)
@' ()

Tk+1 = Tk —

p(Tk)

Y

Lk+1 Tk
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Idea of Newton method of root finding

A Consider the function ¢(z) : R — R.

The whole idea came from building a linear
approximation at the point xj and find its
root, which will be the new iteration point:

w(xr)

/
Tr) =
© (k) P—

Slope ¢'(z)

We get an iterative scheme:

o)
( T ) @' (zx)
(P k Which will become a Newton optimization

a

method in case f'(z) = p(x):

Tk+1 = Tk —

Y

Lk+1 Tk
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Idea of Newton method of root finding

Consider the function ¢(z) : R — R.

The whole idea came from building a linear
approximation at the point xj and find its
root, which will be the new iteration point:

A

w(xr)

/
Tr) =
© (k) P—

Slope ¢'(z)

We get an iterative scheme:

o)
( T ) @' (zx)
(P k Which will become a Newton optimization

a

method in case f'(z) = p(x):

Tk+1 = Tk —

Y

Thir =z — [V f ()] TV ()

Literally we aim to solve the problem of finding
stationary points V f(z) = 0

Lk+1 Tk
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Newton method as a local quadratic Taylor approximation minimizer

Let us now have the function f(x) and a certain point z. Let us consider the quadratic approximation of this
function near xx:
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Newton method as a local quadratic Taylor approximation minimizer

Let us now have the function f(x) and a certain point z. Let us consider the quadratic approximation of this
function near xx:

(@) = f(xr) + (V (k) — o) + %(va(xk)(x — Tg), T — T).
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Newton method as a local quadratic Taylor approximation minimizer

Let us now have the function f(x) and a certain point z. Let us consider the quadratic approximation of this
function near xx:

(@) = f(xr) + (V (k) — o) + %(va(xk)(x — Tg), T — T).

The idea of the method is to find the point zj41, that minimizes the function f;’; (z), i.e. Vfgfi(xkﬂ) =0.
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Newton method as a local quadratic Taylor approximation minimizer

Let us now have the function f(x) and a certain point z. Let us consider the quadratic approximation of this
function near xx:

1
(@) = f(@r) + (V (@), z —zx) + §<V2f(96k)(2j — k), T — Tk).
The idea of the method is to find the point zj41, that minimizes the function f;’; (z), i.e. Vfgfi(xkﬂ) =0.

Vi (@re1) = V(zr) + V2 f(2) (@esr — 2x) =0
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Newton method as a local quadratic Taylor approximation minimizer

Let us now have the function f(x) and a certain point z. Let us consider the quadratic approximation of this
function near xx:

1
(@) = f(@r) + (V (@), z —zx) + §<V2f(96k)(2j — k), T — Tk).
The idea of the method is to find the point zj41, that minimizes the function f;’; (z), i.e. Vfgfi(xkﬂ) =0.

Vfii($k+1) =V f(zk)+ V2f(ka)(l'k+1 —z) =0
VQf(l'k;)(karl — ) = =V f(xr)
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Newton method as a local quadratic Taylor approximation minimizer

Let us now have the function f(x) and a certain point z. Let us consider the quadratic approximation of this
function near xx:

1
i (@) = flon) + (VS (an), @ — i) + 5 (V2 f(an) (@ — o), @ — z).
The idea of the method is to find the point zj41, that minimizes the function f;’; (z), i.e. Vfgfi(xkﬂ) =0.

Vi (@re1) = V(zr) + V2 f(2) (@esr — 2x) =0
V2 f (k) (k41 — 2k) = =V f (k)
[V F(w)] ™ V2 f(@i) (@i — o) = = [V2f ()] V()
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Newton method as a local quadratic Taylor approximation minimizer

Let us now have the function f(x) and a certain point z. Let us consider the quadratic approximation of this
function near xx:

1
i (@) = flon) + (VS (an), @ — i) + 5 (V2 f(an) (@ — o), @ — z).
The idea of the method is to find the point zj41, that minimizes the function f;’; (z), i.e. Vfgfi(xkﬂ) =0.

Vi (@re1) = V(zr) + V2 f(2) (@esr — 2x) =0
V2f($k)($k+1 —xz) = —Vf(zg)
[VQf(SEk)] - V2 f(xr) (@hir — xn) = — [VQf(xk)] - Vf(zk)
T+l = Tk — [V2f(mk)] - Vf(zk).
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Newton method as a local quadratic Taylor approximation minimizer

Let us now have the function f(x) and a certain point z. Let us consider the quadratic approximation of this
function near xx:

1
(@) = f(@r) + (V (@), z —zx) + §<V2f($k)(x — k), T — Tk).
The idea of the method is to find the point zj41, that minimizes the function fié(m) i.e. Vfgfi(xkﬂ) =0.

Vi (@re1) = V(zr) + V2 f(2) (@esr — 2x) =0
V2f($k)($k+1 —xz) = —Vf(zg)
(V2 f(xx)] UV (k) (Thsn — 2) = — [V f(xx)] V()
T+l = Tk — [sz(a:k)} - Vf(zk).

Let us immediately note the limitations related to the necessity of the Hessian’s non-degeneracy (for the method to
exist), as well as its positive definiteness (for the convergence guarantee).
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Newton method as a local quadratic Taylor approximation minimizer

f(z)
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Newton method as a local quadratic Taylor approximation minimizer

‘f — min Newton method
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Newton method as a local quadratic Taylor approximation minimizer
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Newton method as a local quadratic Taylor approximation minimizer

f(z)
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Newton method as a local quadratic Taylor approximation minimizer
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Newton method as a local quadratic Taylor approximation minimizer

f(z)

4

0 Lh+2 Lkt1
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Convergence

Theorem

Let f(x) be a strongly convex twice continuously differentiable function at R™, for the second derivative of
which inequalities are executed: pulI, < V2f(z) < LI,,. Then Newton's method with a constant step locally
converges to solving the problem with superlinear speed. If, in addition, Hessian is M-Lipschitz continuous,
then this method converges locally to =™ at a quadratic rate.

We have an important result: Newton's method for the function with Lipschitz positive-definite Hessian converges
quadratically near (||zo — z*| < %) to the solution.
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Affine Invariance of Newton’'s Method

An important property of Newton's method is affine invariance. Given a function f and a nonsingular matrix
A€ R™"™, let z = Ay, and define g(y) = f(Ay). Note, that Vg(y) = ATV f(x) and V3g(y) = ATV?f(2)A. The
Newton steps on g are expressed as:

yesr =k — (V29(u)) ' Vo)
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Affine Invariance of Newton’'s Method

An important property of Newton's method is affine invariance. Given a function f and a nonsingular matrix

A €R™", let z = Ay, and define g(y) = f(Ay). Note, that Vg(y) = ATV f(z) and V3g(y) = ATV?f(2)A. The
Newton steps on g are expressed as:

-1
vkt =k — (V2g(r))  Valur)
Expanding this, we get:

Yo = e — (ATV2F(Ay)A) ATV f(Ays)

‘f - §“}‘§ Newton method
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Affine Invariance of Newton’'s Method

An important property of Newton's method is affine invariance. Given a function f and a nonsingular matrix

A €R™", let z = Ay, and define g(y) = f(Ay). Note, that Vg(y) = ATV f(z) and V3g(y) = ATV?f(2)A. The
Newton steps on g are expressed as:

yesr =k — (V29(u)) ' Vo)

Expanding this, we get:
-1
Y1 = ye — (ATV2F(Ayr)A) ATV f(Ayx)

Using the property of matrix inverse (AB)™" = B™'A™!, this simplifies to:

e =y — AT (V2 (Aye)) ' VI (Agr)
Ayp1 = Ayk — (ng(A?/k))71 Vf(Ayr)

‘f - §“}‘§ Newton method
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Affine Invariance of Newton’'s Method

An important property of Newton's method is affine invariance. Given a function f and a nonsingular matrix

A€ R™"™, let z = Ay, and define g(y) = f(Ay). Note, that Vg(y) = ATV f(x) and V3g(y) = ATV?f(2)A. The

Newton steps on g are expressed as:
-1
yrr1 =k — (Vi)™ Valyr)

Expanding this, we get:
-1
Y1 = ye — (ATV2F(Ayr)A) ATV f(Ayx)

Using the property of matrix inverse (AB)™" = B™'A™!, this simplifies to:

e =y — AT (V2 (Aye)) ' VI (Agr)
Ayp1 = Ayk — (ng(AykDil Vf(Ayr)

Thus, the update rule for x is:
-1
wper =k — (V2f(2r)) " V(k)

‘f - fnﬂ Newton method
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Affine Invariance of Newton’'s Method

An important property of Newton's method is affine invariance. Given a function f and a nonsingular matrix

A €R™", let z = Ay, and define g(y) = f(Ay). Note, that Vg(y) = ATV f(z) and V3g(y) = ATV?f(2)A. The
Newton steps on g are expressed as:

yesr =k — (V29(u)) ' Vo)

Expanding this, we get:
-1
Y1 = ye — (ATV2F(Ayr)A) ATV f(Ayx)

Using the property of matrix inverse (AB)™" = B™'A™!, this simplifies to:
— —1
yrrr =y — AT (V2 (Ayr)) VI (Ayr)
-1
Ayi1 = Ay — (V2 F(Ayr)) VI (Ayr)
Thus, the update rule for x is:
-1
zhpr =z — (VOf(2k)) V(ak)

This shows that the progress made by Newton's method is independent of problem scaling. This property is not
shared by the gradient descent method!
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Summary

What's nice:

® quadratic convergence near the solution z*
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Summary

What's nice:

® quadratic convergence near the solution z*
® affine invariance

‘f - §ny1r; Newton method

78


Daniil Merkulov

https://fmin.xyz
https://mda24.fmin.xyz
https://github.com/MerkulovDaniil/mda24
https://t.me/fminxyz

Summary

What's nice:

® quadratic convergence near the solution z*
® affine invariance
® the parameters have little effect on the convergence rate
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Summary

What's nice:

® quadratic convergence near the solution z*
® affine invariance
® the parameters have little effect on the convergence rate
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Summary

What's nice:

® quadratic convergence near the solution z*
® affine invariance
® the parameters have little effect on the convergence rate

What's not nice:

® it is necessary to store the (inverse) hessian on each iteration: O(n?) memory
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Summary

What's nice:

® quadratic convergence near the solution z*
® affine invariance
® the parameters have little effect on the convergence rate

What's not nice:

® it is necessary to store the (inverse) hessian on each iteration: O(n
® it is necessary to solve linear systems: O(n?) operations
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Summary

What's nice:

® quadratic convergence near the solution z*
® affine invariance
® the parameters have little effect on the convergence rate

What's not nice:

® it is necessary to store the (inverse) hessian on each iteration: O(n
® it is necessary to solve linear systems O(n®) operations
® the Hessian can be degenerate at =~
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Summary

What's nice:

® quadratic convergence near the solution z*
® affine invariance
® the parameters have little effect on the convergence rate

What's not nice:

it is necessary to solve linear systems O(n®) operations
the Hessian can be degenerate at z*
the hessian may not be positively determined — direction

L mi
‘ / 5“;‘; Newton method

it is necessary to store the (inverse) hessian on each iteration: O(n?*) memory

—(f"(z))"*f'(x) may not be a descending direction
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Newton method problems

‘f g i Newton method

Figure 19: Animation ll¢
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Newton method problems
Quadratic approximation becomes inaccurate

‘f — min
Tz

Newton method
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Figure 20: Animation Hl¢
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Quasi-Newton methods

Quasi-Newton methods

81


Daniil Merkulov

https://fmin.xyz
https://mda24.fmin.xyz
https://github.com/MerkulovDaniil/mda24
https://t.me/fminxyz

Quasi-Newton methods intuition

For the classic task of unconditional optimization f(z) — min the general scheme of iteration method is written as:
T ERM

Th41 = Tk + ardy

R /=min o Newton methods 0 O 82
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Quasi-Newton methods intuition

For the classic task of unconditional optimization f(z) — min the general scheme of iteration method is written as:

T ERM

Th41 = Tk + ardy

In the Newton method, the dj. direction (Newton's direction) is set by the linear system solution at each step:

Bidy = =V f(z1), Bir=V>f(zk)

lf%ﬁ}‘i Quasi-Newton methods 0 O
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Quasi-Newton methods intuition

For the classic task of unconditional optimization f(z) — min the general scheme of iteration method is written as:
T ERM

Th41 = Tk + ardy

In the Newton method, the dj. direction (Newton's direction) is set by the linear system solution at each step:

Bidy = =V f(z1), Bir=V>f(zk)

i.e. at each iteration it is necessary to compute hessian and gradient and solve linear system.
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Quasi-Newton methods intuition

For the classic task of unconditional optimization f(z) — min the general scheme of iteration method is written as:

T ERM

Th41 = Tk + ardy

In the Newton method, the dj. direction (Newton's direction) is set by the linear system solution at each step:

Bidy = =V f(z1), Bir=V>f(zk)

i.e. at each iteration it is necessary to compute hessian and gradient and solve linear system.

Note here that if we take a single matrix of By = I,, as By at each step, we will exactly get the gradient descent
method.

The general scheme of quasi-Newton methods is based on the selection of the Bj matrix so that it tends in some
sense at k — oo to the truth value of the Hessian V2 f(z).
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Quasi-Newton Method Template

Let zo € R", By = 0. For k =1,2,3,..., repeat:
1. Solve Brdr = —V f(xx)

‘f - ﬂ'.‘) Quasi-Newton methods
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Quasi-Newton Method Template

Let zo € R", By = 0. For k =1,2,3,..., repeat:

1. Solve Brdr = —V f(xx)
2. Update xx4+1 = xr + ardy

‘f - ﬂ'.‘) Quasi-Newton methods
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Quasi-Newton Method Template

Let zo € R", By = 0. For k =1,2,3,..., repeat:

1. Solve Brdy = —V f(zx)
2. Update Tk4+1 = Tk + ardy
3. Compute By+1 from By

‘f - ﬂ'.ri Quasi-Newton methods
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Quasi-Newton Method Template

Let zo € R", By = 0. For k =1,2,3,..., repeat:

1. Solve Brdy = —V f(zx)
2. Update Tk4+1 = Tk + ardy
3. Compute By+1 from By
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Quasi-Newton Method Template

Let zo € R", By = 0. For k =1,2,3,..., repeat:

1. Solve Brdr = —V f(xx)
2. Update Tk4+1 = Tk + ardy
3. Compute Bj1 from By

Different quasi-Newton methods implement Step 3 differently. As we will see, commonly we can compute (B;H_l)_l

from (Bx)™".
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Quasi-Newton Method Template

Let zo € R", By = 0. For k =1,2,3,..., repeat:

1. Solve Brdr = —V f(xx)
2. Update Tk4+1 = Tk + ardy
3. Compute Bj1 from By

Different quasi-Newton methods implement Step 3 differently. As we will see, commonly we can compute (B;H_l)_l

from (Bx)™".

Basic Idea: As By, already contains information about the Hessian, use a suitable matrix update to form By1.
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Quasi-Newton Method Template

Let zo € R", By = 0. For k =1,2,3,..., repeat:

1. Solve Brdr = —V f(xx)
2. Update Tk4+1 = Tk + ardy
3. Compute Bjy1 from By

Different quasi-Newton methods implement Step 3 differently. As we will see, commonly we can compute (B;H_l)_l
from (Bx)™".

Basic Idea: As By, already contains information about the Hessian, use a suitable matrix update to form By1.

Reasonable Requirement for Bj11 (motivated by the secant method):

Vf(@k+1) = Vf(xk) = Brs1(Tht1 — 2x) = Brirde
Ayr = Bry1Axy,
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Quasi-Newton Method Template

Let zo € R", By = 0. For k =1,2,3,..., repeat:

1. Solve Brdr = —V f(xx)
2. Update Tk4+1 = Tk + ardy
3. Compute Bjy1 from By

Different quasi-Newton methods implement Step 3 differently. As we will see, commonly we can compute (B;H_l)_l
from (Bx)™".

Basic Idea: As By, already contains information about the Hessian, use a suitable matrix update to form By1.

Reasonable Requirement for Bj11 (motivated by the secant method):

Vf(@k+1) = Vf(xk) = Brs1(Tht1 — 2x) = Brirde
Ayr = Bry1Axy,

In addition to the secant equation, we want:

® Bi+1 to be symmetric
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Quasi-Newton Method Template

Let zo € R", By = 0. For k =1,2,3,..., repeat:

1. Solve Brdr = —V f(xx)
2. Update Tk4+1 = Tk + ardy
3. Compute Bjy1 from By

Different quasi-Newton methods implement Step 3 differently. As we will see, commonly we can compute (B;H_l)_l
from (Bx)™".

Basic Idea: As By, already contains information about the Hessian, use a suitable matrix update to form By1.
Reasonable Requirement for Bj11 (motivated by the secant method):

Vf(@k+1) = Vf(xk) = Brs1(Tht1 — 2x) = Brirde
Ayr = Bry1Axy,

In addition to the secant equation, we want:

® Bi+1 to be symmetric
® Bii1 to be “close” to By
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Quasi-Newton Method Template

Let zo € R", By = 0. For k =1,2,3,..., repeat:

1. Solve Brdr = —V f(xx)
2. Update Tk4+1 = Tk + ardy
3. Compute Bjy1 from By

Different quasi-Newton methods implement Step 3 differently. As we will see, commonly we can compute (B;H_l)_l
from (Bx)™".

Basic Idea: As By, already contains information about the Hessian, use a suitable matrix update to form By1.
Reasonable Requirement for Bj11 (motivated by the secant method):

Vf(@k+1) = Vf(xk) = Brs1(Tht1 — 2x) = Brirde
Ayr = Bry1Axy,

In addition to the secant equation, we want:

® Bi+1 to be symmetric
® Bii1 to be “close” to By
o Bk>-0:>Bk+1>-0
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Symmetric Rank-One Update

Let's try an update of the form:

— mi .
‘f ﬂ'.‘) Quasi-Newton methods

Bk+1 = Br + auuT
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Symmetric Rank-One Update

Let's try an update of the form:
Bk+1 = Br + auuT

The secant equation By 1dr = Ayy yields:

(au"dy)u = Ayy — Brdy,

— mi .
‘f ﬂ'.ri Quasi-Newton methods
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Symmetric Rank-One Update
Let's try an update of the form:
Brt1 = B + auuT
The secant equation By 1dr = Ayy yields:
(au"dy)u = Ayy — Brdy,

This only holds if u is a multiple of Ayx — Brdy. Putting u = Ayr — Brdy, we solve the above,

1

“= (Ay — Brdy)Tdy’

‘f - §ny1r; Quasi-Newton methods
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Symmetric Rank-One Update

Let's try an update of the form:
Brt1 = B + auuT

The secant equation By 1dr = Ayy yields:

(au"dy)u = Ayy — Brdy,

This only holds if u is a multiple of Ayx — Brdy. Putting u = Ayr — Brdy, we solve the above,

1
“= (Ay — Brdy)Tdy’

which leads to ’
(Ayr — Brdi)(Ayx — Brds)

(Ayr — Brdy)Tds,

Byy1 = Br +

called the symmetric rank-one (SR1) update or Broyden method.
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Symmetric Rank-One Update with inverse

How can we solve
Bii1der1 = =V f(@ry1),

in order to take the next step? In addition to propagating By to Byy1, let's propagate inverses, i.e., C, = B,
Cry1 = (Brs1) .

Sherman-Morrison Formula:
The Sherman-Morrison formula states:

! to

_ _ AT AL
A Tyl _ g1 A u A
(A+ o) 1+0vTA- 1y
Thus, for the SR1 update, the inverse is also easily updated:

(di — CrAyy)(dy, — CrAyr)T
(dk — CkAyk)TAyk

Cry1=Cr +

In general, SR1 is simple and cheap, but it has a key shortcoming: it does not preserve positive definiteness.
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Davidon-Fletcher-Powell Update

We could have pursued the same idea to update the inverse C:

Ciy1=Cr + auu® + bov®.

‘f - ﬂ'.ri Quasi-Newton methods
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Davidon-Fletcher-Powell Update

We could have pursued the same idea to update the inverse C:

Ci1 = Cr + auu’ + bovT.
Multiplying by Ay, using the secant equation dx = CrAyg, and solving for a, b, yields:

Ayf CrAyr Aylldy,

Cr+1=Cr —

Woodbury Formula Application

Woodbury then shows:
Ayrd), di Ayi Ay Ayi
B =|1- Br | I —
ket ( Ay,{dk k Ay,{dk + Aygdk

This is the Davidon-Fletcher-Powell (DFP) update. Also cheap: O(n?), preserves positive definiteness. Not as
popular as BFGS.
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Broyden-Fletcher-Goldfarb-Shanno update

Let's now try a rank-two update:

Br+1 = B + avu® + bovT.
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Broyden-Fletcher-Goldfarb-Shanno update

Let's now try a rank-two update:
Br+1 = B + avu® + bovT.

The secant equation Ay, = Brt1dy, yields:

Ay — Brdy = (aquk)u + (vadk)v

‘f - ﬂ'.ri Quasi-Newton methods
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Broyden-Fletcher-Goldfarb-Shanno update

Let's now try a rank-two update:
Br+1 = B + avu® + bovT.

The secant equation Ay, = Brt1dy, yields:

Ay — Brdy = (aquk)u + (vadk)v

Putting u = Ayk, v = Bidk, and solving for a, b we get:

Bkdkdsz AykAy?;

Bit1 = By —
M PR T T AT Brdy T Ayy,

called the Broyden-Fletcher-Goldfarb-Shanno (BFGS) update.
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Broyden-Fletcher-Goldfarb-Shanno update with inverse

Woodbury Formula

The Woodbury formula, a generalization of the Sherman-Morrison formula, is given by:

(A+UCV) ' =A"t—A'U(Cct+vatu)ytva!
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88


Daniil Merkulov

https://fmin.xyz
https://mda24.fmin.xyz
https://github.com/MerkulovDaniil/mda24
https://t.me/fminxyz

Broyden-Fletcher-Goldfarb-Shanno update with inverse

Woodbury Formula
The Woodbury formula, a generalization of the Sherman-Morrison formula, is given by:

(A+UCV) ' =A"t—A'U(Cct+vatu)ytva!
Applied to our case, we get a rank-two update on the inverse C":

(dr. — CrAyp)dE | di(di — CrAye)”  (di — CrAye)T Ay,

Cry1=C, - dpdf
k+1 L+ Aydek + Ay,{dk (Aydek)Q kO
de Ay Aydy dpdF
Cry1=|1—- Cp | I-
Rt ( AyTdy, ) " AyTd, ) T AyTdy

This formulation ensures that the BFGS update, while comprehensive, remains computationally efficient, requiring
O(n?) operations. Importantly, BFGS update preserves positive definiteness. Recall this means
By = 0= Bry1 > 0. Equivalently, Cx, > 0= Cry1 >0
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Code

® QOpen In Colab
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Code

® QOpen In Colab
® Comparison of quasi Newton methods
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Code

® QOpen In Colab
® Comparison of quasi Newton methods
® Some practical notes about Newton method
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