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The curse of dimensionality for zero-order methods
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Problem
Suppose, we have a problem of minimization of a function f(x) : R — R of scalar variable:

f(z) — min
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Sometimes, we refer to the similar problem of finding minimum on the line segment [a, b]:
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Problem
Suppose, we have a problem of minimization of a function f(x) : R — R of scalar variable:

f(z) — min

Sometimes, we refer to the similar problem of finding minimum on the line segment [a, b]:

i
f(z) i
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Typical example of line search problem is selecting appropriate stepsize for gradient descent algorithm:

Tk+1 = Tk — onf(xk)

a = argmin f(Tk41)

lf%?“}‘i Line search 0 0
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Problem
Suppose, we have a problem of minimization of a function f(x) : R — R of scalar variable:

f(z) — min

Sometimes, we refer to the similar problem of finding minimum on the line segment [a, b]:

i
f(z) i

Example

Typical example of line search problem is selecting appropriate stepsize for gradient descent algorithm:

Tk+1 = Tk — onf(xk)

a = argmin f(Tk41)

The line search is a fundamental optimization problem that plays a crucial role in solving complex tasks. To simplify

the problem, let's assume that the function, f(z), is unimodal, meaning it has a single peak or valley.
0 O 6

— min :
‘f Tz Line search
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Unimodal function
i Definition

Function f(x) is called unimodal on [a, b], if there is z. € [a,b], that f(z1) > f(z2) Va <z < z2 < 24
and f(z1) < f(x2) Vo, <z1 <wz2<b
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Definition

Function f(x) is called unimodal on [a, b], if there is z. € [a,b], that f(z1) > f(z2) Va <z < z2 < 24
and f(z1) < f(z2) Vze<zi <22 <b

Figure 1: Examples of unimodal functions
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Key property of unimodal functions
Let f(z) be unimodal function on [a,b]. Than if 1 < z2 € [a,b], then:

o if f(z1) < f(x2) = z« € [a, z2]
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Key property of unimodal functions
Let f(z) be unimodal function on [a,b]. Than if 1 < z2 € [a,b], then:

o if f(z1) < f(x2) = z« € [a, z2]
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Key property of unimodal functions
Let f(z) be unimodal function on [a,b]. Than if 1 < z2 € [a,b], then:

o if f(z1) < f(x2) = z« € [a, z2]
o if f(z1) > f(x2) = x« € [21,8]

Proof Let's prove the first statement. On the contrary, suppose that f(z1) < f(z2), but ¥ > z2. Then necessarily
21 < 22 < 2 and by the unimodality of the function f(z) the inequality: f(z1) > f(z2) must be satisfied. We
have obtained a contradiction.
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Key property of unimodal functions
Let f(z) be unimodal function on [a,b]. Than if 1 < z2 € [a,b], then:

o if f(z1) < f(x2) = z« € [a, z2]
o if f(z1) > f(x2) = x« € [21,8]

Proof Let's prove the first statement. On the contrary, suppose that f(z1) < f(z2), but ¥ > z2. Then necessarily
21 < 22 < 2 and by the unimodality of the function f(z) the inequality: f(z1) > f(z2) must be satisfied. We
have obtained a contradiction.
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Key property of unimodal functions
Let f(z) be unimodal function on [a,b]. Than if 1 < z2 € [a,b], then:

o if f(z1) < f(x2) = z« € [a, z2]
o if f(z1) > f(x2) = x« € [21,8]

Proof Let's prove the first statement. On the contrary, suppose that f(z1) < f(z2), but ¥ > z2. Then necessarily
21 < 22 < 2 and by the unimodality of the function f(z) the inequality: f(z1) > f(z2) must be satisfied. We
have obtained a contradiction.
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Key property of unimodal functions
Let f(z) be unimodal function on [a,b]. Than if 1 < z2 € [a,b], then:

o if f(z1) < f(x2) = z« € [a, z2]
o if f(z1) > f(x2) = x« € [21,8]

Proof Let's prove the first statement. On the contrary, suppose that f(z1) < f(z2), but ¥ > z2. Then necessarily
21 < 22 < 2 and by the unimodality of the function f(z) the inequality: f(z1) > f(z2) must be satisfied. We

have obtained a contradiction.
} )24 06)

~
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Dichotomy method

We aim to solve the following problem:

f(z) —» min f(@)
z€(a,b]
We divide a segment into two equal parts and choose the
one that contains the solution of the problem using the
values of functions, based on the key property described
above. Our goal after one iteration of the method is to
halve the solution region.

Figure 2: Dichotomy method for unimodal function
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Dichotomy method

We measure the function value at the middle of the line
segment f(ac)

Figure 3: Dichotomy method for unimodal function
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Dichotomy method
In order to apply the key property we perform another
measurement. f(:L')

tﬁffffff.l

0! a y c x

Figure 4: Dichotomy method for unimodal function
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Dichotomy method
We select the target line segment. And in this case we are
lucky since we already halved the solution region. But f(:n)
that is not always the case.

Figure 5: Dichotomy method for unimodal function

lf*ﬂ‘“, Line search 0 O 9


Daniil Merkulov

https://fmin.xyz
https://mda24.fmin.xyz
https://github.com/MerkulovDaniil/mda24
https://t.me/fminxyz

Dichotomy method

Let’s consider another unimodal function.

0 a 5 b x

Figure 6: Dichotomy method for unimodal function
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Dichotomy method

Measure the middle of the line segment.

Figure 7: Dichotomy method for unimodal function
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Dichotomy method

Get another measurement.

— min :
‘f Tz Line search

0 a y c b x

Figure 8: Dichotomy method for unimodal function
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Dichotomy method

Select the target line segment. You can clearly see, that

the obtained line segment is not the half of the initial one. f(:b)
Itis 2(b— a). So to fix it we need another step of the
algorithm.
0 a y c b x

Figure 9: Dichotomy method for unimodal function
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Dichotomy method

After another additional measurement, we will surely get

3i0b—a)=30b-a) (@)

0! a y ¢ =z b x

Figure 10: Dichotomy method for unimodal function
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Dichotomy method
To sum it up, each subsequent iteration will require at
most two function value measurements. f(:n)

Figure 11: Dichotomy method for unimodal function
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Dichotomy method. Algorithm

it — 4 4 leebt

Vere #cttwird a@usoak'(‘
def binary_search(f, a, b, epsilon):
c=(a+b /2 £——Ceprguinkd Veenreawcaon 2 Bysolat

while abs(b - a) > epsilon: _
y=(a+c) /20 447 A&QXJJS 1141£9PT¥
if £(y) <= f(c):
9 =@
c=y
else:
z=(+c) /20 € “P“L"‘Q urbepre
if £(c) <= £(2):

S ALt

a=y

b=z daeex
else:

a = cC

c =z Nt

return c
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Dichotomy method. Bounds
The length of the line segment on k + 1-th iteration:

Agy1 =bpy1 — apy1 =

— min :
‘f Tz Line search

2/@

(b—a)
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Dichotomy method. Bounds
The length of the line segment on k + 1-th iteration:

Lo-a)

Apt1 =bpy1 — apy1 = o

For unimodal functions, this holds if we select the middle of a segment as an output of the iteration xx41:

Awpr 1
2 = 2k+1
—— -

(b—a) < (0.5)5 . (b—a)

——

|13k+1 - 33*‘ <
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Dichotomy method. Bounds
The length of the line segment on k + 1-th iteration:

1
Agy1 =bpy1 — apy1 = 27(6 —a)

For unimodal functions, this holds if we select the middle of a segment as an output of the iteration xx41:

Ap 1
s — o] < S5 < o (b-a) < 05 (- a)
Note, that at each iteration we ask oracle no more, than 2 times, so the number of function evaluations is N = 2 - k,
which implies: CropocTh cxoguﬂcd'"
N N b—a Q)’u j
ZTe+1 — x| < (0.5)2 7 - (b—a) < (0.707) — HPQ'LPCCQLM
UL
Mw.o)
T
syl

‘f% fu.}‘; Line search 0 O 11


Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

https://fmin.xyz
https://mda24.fmin.xyz
https://github.com/MerkulovDaniil/mda24
https://t.me/fminxyz

Dichotomy method. Bounds
The length of the line segment on k + 1-th iteration:
A =b _1 b
k4+1 = Ok41 — Qk4+1 = 27( —a)
For unimodal functions, this holds if we select the middle of a segment as an output of the iteration xx41:

Appr 1
5 =R

|Thr — | < (b—a) < (0.5)"*" - (b-a)

Note, that at each iteration we ask oracle no more, than 2 times, so the number of function evaluations is N = 2 - k,
which implies:

Nb—a

Zhsr — 24| < (0.5)2 T (b—a) < (0.707) .

By marking the right side of the last inequality for £, we get the number of method iterations needed to achieve ¢

accuracy: 3“”10 d[el,’,ko
k- bo
quﬁ i Po&g —‘

— -

€ Q [ 282 MO Tooty,
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Golden selection

The idea is quite similar to the dichotomy method. There are two goldgn points on the line segment (left and right)
and the insightful idea is, that on the next iteration one of the pognts Will remain the golden point.

1-X
. ., ——=—
7\1"’{\‘{ K 14)( X
X oy k 2
x = 9
18
Tteration k + 1  seeOmomm® ._x_o_ X =Ryt -X=0

Tk+1 lks1 qu'b*e&gb

Iteration k s

N
v

Figure 12: Key idea, that allows us to decrease function evaluations
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Golden selection. Algorithm

def golden_search(f, a, b, epsilon):
tau = (sqrt(5) + 1) / 2
y=a+ (b - a) / taux*2
z=a+ (b - a) / tau
while b - a > epsilon:
if £(y) <= £(2):

b=z

z =Yy

y =a+ (b - a) / tau**2
else:

a=y

y =2

z=a+ (b -a) / tau
return (a + b) / 2

— min :
‘f Tz Line search
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Golden selection. Bounds

N-1 XY X g
Thg1 — Tu| < Dkl — Qg1 = (l) (b—a) ~ 0.618"(b — a), \a 2
T Juxoto uus
VB+1 n

0
h = . E 8
where 7 5

® The geometric progression constant more than the dichotomy method - 0.618 worse than 0.5
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Golden selection. Bounds

1 N-1
Th4+1 — SC*| S bk+1 — Qk+1 = (7) (b — a) ~ 04618]6(1) — a),
T

where 7 = @

® The geometric progression constant more than the dichotomy method - 0.618 worse than 0.5
® The number of function calls is less than for the dichotomy method - 0.707 worse than 0.618 - (for each

iteration of the dichotomy method, except for the first one, the function is calculated no more than 2 times,
and for the gold method - no more than one)

— min :
‘f Tz Line search
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Successive parabolic interpolation

Sampling 3 points of a function determines unique parabola. Using this information we will go directly to its
minimum. Suppose, we have 3 points z1 < z2 < x3 such that line segment [z1, x3] contains minimum of a function
f(x). Then, we need to solve the following system of equations:
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Successive parabolic interpolation

Sampling 3 points of a function determines unique parabola. Using this information we will go directly to its
minimugn. Suppose, we have 3 points £1 < z2 < x3 such that line segment [z1, x3] contains minimum of a function
f(x). TRen, we need to solve the following system of equatjons:

azi + bz +c= f; flzi),i=1,2,3

Note, that thi§ system is linear, since we need to solve i a,b,c. Minimum of this parabola will be calculated as:
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Successive parabolic interpolation

Sampling 3 points of a function determines unique parabola. Using this information we will go directly to its
minimum. Suppose, we have 3 points z1 < z2 < x3 such that line segment [z1, x3] contains minimum of a function
f(x). Then, we need to solve the following system of equations:

azi + bz +c= f; = f(z:),i=1,2,3

Note, that this system is linear, since we need to solve it on a, b, c. Minimum of this parabola will be calculated as:

e (z2 —21)*(fo — f3) — (m2 —x3)*(f2 — f1)
2a 2[(w2 — x1)(f2 — f3) — (22 — 23)(f2 — f1)]

Note, that if fo < fi1, fo < f3, than u will lie in [z1, z3]
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Successive parabolic interpolation. Algorithm !

def parabola_search(f, x1, x2, x3, epsilon):

f1, £2, £3 = £(x1), £(x2), £(x3)
while x3 - x1 > epsilon:

u = x2 - ((x2 - x1)**x2%(£2 - £3) - (x2 - x3)**x2*x(£2 - £1))/(2%((x2 - x1)*(£f2 - £3) - (x2 - x3)*(f2 - £1)))

fu = f(u)

if x2 <= u:
if £2 <= fu:

x1, x2, x3 =

£1, £2, £3
else:
x1, x2, x3
f1, f2, £3
else:
if fu <= f2:

x1, x2, x3 =

f1, £2, £3
else:
x1, x2, x3
f1, f2, £3
return (x1 + x3) / 2

x1, x2, u
£1, £2, fu

x2, u, x3
£2, fu, £3
x1, u, x2
f1, fu, f2

u, x2, x3
fu, £2, £3

1The convergence of this method is superlinear, but local, which means, that you can take profit from using this method only near some
neighbour of optimum. Here is the proof of superlinear convergence of order 1.32.

— min :
‘f Tz Line search
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Inexact line search
Sometimes it is enough to find a solution, which will
approximately solve out problem. This is very typical
scenario for mentioned stepsize selection problem

Tht1 = 2k — aV f(zk)

o = argmin f(zk41)

— min :
‘f Tz Line search
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Inexact line search

Sometimes it is enough to find a solution, which will
approximately solve out problem. This is very typical
scenario for mentioned stepsize selection problem

Tp+1 = Tk — an(mk)

a = argmin f(zg4+1)

Consider a scalar function ¢(a) at a point z:

¢(a) = f(zr — aV f(zk)), >0

— min :
‘f Tz Line search
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Inexact line search
Sometimes it is enough to find a solution, which will
approximately solve out problem. This is very typical

scenario for mentioned stepsize selection problem L? Dg—
’f7

a,‘t

Tp+1 = Tk — an(mk)

a = argmin f(zg4+1)
Consider a scalar function ¢(«) at a point a/

¢(a) = f(zr — aV f(zk)),a >0

O D)
The first-order approximation of ¢(«) near « =0 is:

p(a) = f(zr) — aVf(zr) Vf(ze)
fyeme  RLWo lfﬁn

UORETOREA NS )
fo) - \Wx@\l "

"

— min :
‘f Tz Line search
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Figure 13: lllustration of Taylor approximation of ¢/ (c)
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Inexact line search. Sufficient Decrease
The inexact line search condition, known as the Armijo
condition, states that a should provide sufficient decrease
in the function f, satisfying:

flae —aVf(zr) < f(zr) —c1-aV flaze) Vf(zn)

— min :
‘f Tz Line search
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Inexact line search. Sufficient Decrease
The inexact line search condition, known as the Armijo
condition, states that a should provide sufficient decrease
in the function f, satisfying:

flae —aVf(zr) < f(zr) —c1-aV flaze) Vf(zn)

for some constant ¢; € (0,1). Note that setting ¢1 =1
corresponds to the first-order Taylor approximation of
¢(ar). However, this condition can accept very small

values of «a, potentially slowing down the solution process.

Typically, ¢1 &~ 10™% is used in practice.

— min :
‘f Tz Line search
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T (2
Inexact line search. Sufficient Decrease v, (J) = b~ 3

The inexact line search condition, known as the Armijo e=10
condition, states that o should provide sufficient decrease (.(?,(A =5 -0} 4
in the function f, satisfying: ¢() C\=

wodt: L(’.(i)= 5-d,
/

ek = aV f(wr) < f(wx) = er - oV flan) 'V f(@r) F(@r) .
Far) — oV f(ar)|3

for some constant ¢; € (0,1). Note that setting ¢1 =1
corresponds to the first-order Taylor approximation of
¢(ar). However, this condition can accept very small
values of «a, potentially slowing down the solution process.
Typically, ¢1 &~ 10™% is used in practice.

6,

i Example

If f(x) represents a cost function in an optimization
problem, choosing an appropriate c; value is crucial.
For instance, in a machine learning model training
scenario, an improper c¢; might lead to either very Figure 14: lllustration of sufficient decrease condition with
slow convergence or missing the minimum. coefficient ¢1
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Inexact line search. Goldstein Conditions
Consider two linear scalar functions ¢1(a) and ¢2(«):

$1(a) = f(ar) — cral|V (e

$a() = f(ax) — c20]|V f ()]

— min :
‘f Tz Line search
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Inexact line search. Goldstein Conditions
Consider two linear scalar functions ¢1(a) and ¢2(«):

$1(a) = f(ar) — cral|V (e

¢2(a) = f(ar) — c2a||V (@i

The Goldstein-Armijo conditions locate the function ¢(«)
between ¢1(a) and ¢2(a). Typically, ¢c1 = p and
c2 =1—p, with p € (0.5,1).

— min :
‘f Tz Line search

$(a)

f(zr) .
f(zi) — apl| V(213

0 a* o

fl@r) — a1 = p) |V f(zx)lI3

Figure 15: lllustration of Goldstein conditions
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Inexact line search. Curvature Condition
To avoid excessively short steps, we introduce a second
criterion:

—V (e —aVf(ar) V(e > Vi) (=Vf(zw)

— min :
‘f Tz Line search
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Inexact line search. Curvature Condition
To avoid excessively short steps, we introduce a second
criterion:

—V (e —aVf(ar) V(e > Vi) (=Vf(zw)

for some ¢z € (c1,1). Here, ¢; is from the Armijo
condition. The left-hand side is the derivative Vo ¢(a),
ensuring that the slope of ¢(a) at the target point is at
least co times the initial slope Vo ¢()(0). Commonly,
c2 = 0.9 is used for Newton or quasi-Newton methods.
Together, the sufficient decrease and curvature conditions
form the Wolfe conditions.

— min :
‘f Tz Line search

o ,’l

)
Q

RS desired slope

Figure 16: lllustration of curvature condition
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Inexact line search. Wolfe Condition

—V (e —aVf(ar) Vi(zk) > V(e (=Vf(zx)

Together, the sufficient decrease and curvature conditions
form the Wolfe conditions.

— min :
‘f Tz Line search

Flax) ¢ f (@) — act|[V f(zx)|3

)
Q

« ’,'

RS desired slope

Figure 17: Illustration of Wolfe condition
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Backtracking Line Search

Backtracking line search is a technique to find a step size that satisfies the Armijo condition, Goldstein conditions, or
other criteria of inexact line search. It begins with a relatively large step size and iteratively scales it down until a
condition is met.
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Backtracking Line Search

Backtracking line search is a technique to find a step size that satisfies the Armijo condition, Goldstein conditions, or
other criteria of inexact line search. It begins with a relatively large step size and iteratively scales it down until a

condition is met.

Algorithm:
1. Choose an initial step size, a, and parameters 8 € (0,1) and ¢; € (0,1).

— min :
‘f Tz Line search
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Backtracking Line Search

Backtracking line search is a technique to find a step size that satisfies the Armijo condition, Goldstein conditions, or
other criteria of inexact line search. It begins with a relatively large step size and iteratively scales it down until a

condition is met.

Algorithm:
1. Choose an initial step size, a, and parameters 8 € (0,1) and ¢; € (0,1).
2. Check if the chosen step size satisfies the chosen condition (e.g., Armijo condition).

— min :
‘f Tz Line search
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Backtracking Line Search

Backtracking line search is a technique to find a step size that satisfies the Armijo condition, Goldstein conditions, or
other criteria of inexact line search. It begins with a relatively large step size and iteratively scales it down until a

condition is met.

Algorithm:
1. Choose an initial step size, a, and parameters 8 € (0,1) and ¢; € (0,1).
2. Check if the chosen step size satisfies the chosen condition (e.g., Armijo condition).
3. If the condition is satisfied, stop; else, set o := Sa and repeat step 2.

— min :
‘f Tz Line search
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Backtracking Line Search

Backtracking line search is a technique to find a step size that satisfies the Armijo condition, Goldstein conditions, or
other criteria of inexact line search. It begins with a relatively large step size and iteratively scales it down until a

condition is met.

Algorithm:
1. Choose an initial step size, a, and parameters 8 € (0,1) and ¢; € (0,1).
2. Check if the chosen step size satisfies the chosen condition (e.g., Armijo condition).
3. If the condition is satisfied, stop; else, set o := Sa and repeat step 2.

— min :
‘f Tz Line search


Daniil Merkulov

https://fmin.xyz
https://mda24.fmin.xyz
https://github.com/MerkulovDaniil/mda24
https://t.me/fminxyz

Backtracking Line Search

Backtracking line search is a technique to find a step size that satisfies the Armijo condition, Goldstein conditions, or
other criteria of inexact line search. It begins with a relatively large step size and iteratively scales it down until a
condition is met.

Algorithm:
1. Choose an initial step size, a, and parameters 8 € (0,1) and ¢; € (0,1).
2. Check if the chosen step size satisfies the chosen condition (e.g., Armijo condition).
3. If the condition is satisfied, stop; else, set o := Sa and repeat step 2.

The step size « is updated as

a1 = Pag

in each iteration until the chosen condition is satisfied.
i Example

In machine learning model training, the backtracking line search can be used to adjust the learning rate. If the
loss doesn’t decrease sufficiently, the learning rate is reduced multiplicatively until the Armijo condition is met.
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Numerical illustration
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Figure 18: Comparison of different line search algorithms
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Gradient Descent

Gradient Descent
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Direction of local steepest descent

Let’s consider a linear approximation of the
differentiable function f along some direction
hy |||z = 1:

— mi "
‘f ;nylr; Gradient Descent
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Direction of local steepest descent

Let’s consider a linear approximation of the
differentiable function f along some direction
hy |||z = 1:

fl@+ah) = f(z) + a(f'(z), h) + o(a)

— mi "
‘f ;nylr; Gradient Descent
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Direction of local steepest descent

Let’s consider a linear approximation of the
differentiable function f along some direction
hy |||z = 1:

fl@+ah) = f(z) + a(f'(z), h) + o(a)

We want h to be a decreasing direction:

flz+ah) < f(z)

f(@) +alf'(x),h) + ola) < f(z)

— mi "
‘f §ny1r; Gradient Descent
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Direction of local steepest descent

Let’s consider a linear approximation of the
differentiable function f along some direction
hy |||z = 1:

fl@+ah) = f(z) + a(f'(z), h) + o(a)

We want h to be a decreasing direction:

flz+ah) < f(z)

f(@) +alf'(x),h) + ola) < f(z)

and going to the limit at o — O:

(f'(=),h) <0

— mi "
‘f §ny1r; Gradient Descent
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Direction of local steepest descent

Let’s consider a linear approximation of the  Also from Cauchy—Bunyakovsky—Schwarz inequality:
differentiable function f along some direction

e = 1 7))

W < (1 @)1= [1A]l2
(f'(z),h)

£ @)ll201ll2 = =1 ()2

<
2=
fl@+ah) = f(z) + a(f'(z), h) + o(a)

We want h to be a decreasing direction:

flz+ah) < f(z)

f(@) +alf'(x),h) + ola) < f(z)

and going to the limit at o — O:

(f'(=),h) <0

— mi "
‘f §“}‘§ Gradient Descent
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Direction of local steepest descent

Let’s consider a linear approximation of the  Also from Cauchy—Bunyakovsky—Schwarz inequality:
differentiable function f along some direction

B 1l = 1: 7 (@), )] < (1 @)llalIAl2
(@) k) > 17 @) Ikl = — 1 @)

Thus, the direction of the antigradient

L @)
fw+ah) < f(x) Tl

gives the direction of the steepest local decreasing of the function f.

fl@+ah) = f(z) + a(f'(z), h) + o(a)

We want h to be a decreasing direction:

f(@) +alf'(x),h) + ola) < f(z)

and going to the limit at o — O:

(f'(=),h) <0

— mi "
‘f fnﬂ Gradient Descent
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Direction of local steepest descent

Let’s consider a linear approximation of the  Also from Cauchy—Bunyakovsky—Schwarz inequality:
differentiable function f along some direction

B 1l = 1: 7 (@), )] < (1 @)llalIAl2
(@) k) > 17 @) Ikl = — 1 @)

Thus, the direction of the antigradient

L @)
fw+ah) < f(x) Tl

gives the direction of the steepest local decreasing of the function f.
The result of this method is

fl@+ah) = f(z) + a(f'(z), h) + o(a)

We want h to be a decreasing direction:

f(@) + alf'(x), h) + olah< f(z)

and going to the limit at o — O:

Tk+1 = Tk — Oéf,(.l‘k)

(f'(=),h) <0

— mi "
‘f §“}‘§ Gradient Descent
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Convergence of Gradient Descent algorithm

Heavily depends on the choice of the learning rate a:

Loss value 0.87

‘f — min
Tz

Gradient Descent
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Exact line search aka steepest descent

O
ay = arg min f(zr+1) = arg min f(zr — aV f(zk))
a€Rt a€cRt

More theoretical than practical approach. It also allows you to analyze the convergence, but
often exact line search can be difficult if the function calculation takes too long or costs a lot.

An interesting theoretical property of this method is that each following iteration is
orthogonal to the previous one: Mog HWKOPZMMTD
CV\‘d wKq

oy = arg min f(zr — oV f(zk))
a€RT

— mi "
‘f fnﬂ Gradient Descent
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Exact line search aka steepest descent

ay = arg min f(zr+1) = arg min f(zr — aV f(zk))
a€Rt a€cRt

More theoretical than practical approach. It also allows you to analyze the convergence, but

often exact line search can be difficult if the function calculation takes too long or costs a lot.

An interesting theoretical property of this method is that each following iteration is
orthogonal to the previous one:

oy = arg min f(zr — oV f(zk))
a€RT

Optimality conditions:

— mi "
‘f fnﬂ Gradient Descent
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Exact line search aka steepest descent
ay = arg min f(zr+1) = arg min f(zr — aV f(zk))
a€eRt a€cRt
More theoretical than practical approach. It also allows you to analyze the convergence, but

often exact line search can be difficult if the function calculation takes too long or costs a lot.
An interesting theoretical property of this method is tllgz each following iteration is

orthogonal to the previous one: X

—
k= arg;rel]kr}r flzr —aV f(zw))

) 2D ot O
Optimality conditions: 3‘: — 'a—;fiiw =0° 0_2: ) ) Ji =0
v v _ 0
f(@rs1) Vf(ze) O(me B -&\‘k_ Jy"—(x;))ﬁ -
(T8 o

- Xl A T )
= vens

Figure 19: Steepest
Descent
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Coordinate shift

Consider the following quadratic optimization problem:

min f(z) = min %xTA:c —b x4, where A€ST,.
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Coordinate shift

Consider the following quadratic optimization problem:

1
min f(z) = min =z’ Az — b z + ¢, where A € S%,.
z€eRY z€R4 2

® Firstly, without loss of generality we can set ¢ = 0, which will or affect
optimization process.
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® Firstly, without loss of generality we can set ¢ = 0, which will or affect
optimization process.
® Secondly, we have a spectral decomposition of the matrix A:

A =QAQ"
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Coordinate shift

Consider the following quadratic optimization problem:

1
min f(z) = min =z’ Az — b z + ¢, where A € S%,.
zeRd zeRrd 2 .
® Firstly, without loss of generality we can set ¢ = 0, which will or affect
optimization process.
® Secondly, we have a spectral decomposition of the matrix A:

A =QAQ" .

® Let's show, that we can switch coordinates to make an analysis a little bit
casier. Let & = QT (x — 2*), where z* is the minimum point of initial
function, defined by Ax* = b. At the same time z = Q% + z~.

-

— mi .
‘f fnﬂ Strongly convex quadratics



Daniil Merkulov

https://fmin.xyz
https://mda24.fmin.xyz
https://github.com/MerkulovDaniil/mda24
https://t.me/fminxyz

Coordinate shift

Consider the following quadratic optimization problem:

1
min f(z) = min =z’ Az — b z + ¢, where A € S%,.
zeRd zeRrd 2 .
® Firstly, without loss of generality we can set ¢ = 0, which will or affect
optimization process.
® Secondly, we have a spectral decomposition of the matrix A:

A =QAQ" .

® Let's show, that we can switch coordinates to make an analysis a little bit
casier. Let & = QT (x — 2*), where z* is the minimum point of initial
function, defined by Ax* = b. At the same time z = Q% + z~.

-

F(#) = L(@0 27T A2 +a7) 1T (@2 4 07)

— mi .
‘f fnﬂ Strongly convex quadratics



Daniil Merkulov

https://fmin.xyz
https://mda24.fmin.xyz
https://github.com/MerkulovDaniil/mda24
https://t.me/fminxyz

Coordinate shift

Consider the following quadratic optimization problem:

1
min f(z) = min =z’ Az — b z + ¢, where A € S%,.
z€eRY z€R4 2

® Firstly, without loss of generality we can set ¢ = 0, which will or affect
optimization process.
® Secondly, we have a spectral decomposition of the matrix A:

A =QAQ"

® Let's show, that we can switch coordinates to make an analysis a little bit
casier. Let & = QT (x — 2*), where z* is the minimum point of initial
function, defined by Ax* = b. At the same time z = Q% + z~.

f(@)

2(Qi+27)TA@b+a7) b (Qa +a7)

= 3#7QTAQs + ()T AQs + (@) AW — b Qi — b

— mi .
‘f fnﬂ Strongly convex quadratics

X2

X

-



Daniil Merkulov

https://fmin.xyz
https://mda24.fmin.xyz
https://github.com/MerkulovDaniil/mda24
https://t.me/fminxyz

Coordinate shift

Consider the following quadratic optimization problem:

1
min f(z) = min =z’ Az — b z + ¢, where A € S%,.
z€eRY z€R4 2

® Firstly, without loss of generality we can set ¢ = 0, which will or affect
optimization process.
® Secondly, we have a spectral decomposition of the matrix A:

A =QAQ"

® Let's show, that we can switch coordinates to make an analysis a little bit
casier. Let & = QT (x — 2*), where z* is the minimum point of initial
function, defined by Ax* = b. At the same time z = Q% + z~.

f(@) = %(Q:i: +2°)TAQz + ") — b (Q + 27)
_ %f:TQTAQi’ +(@)TAQE + %(x*)TA(x*)T —VTQi— b2

1
= 54" A%

— mi .
‘f fnﬂ Strongly convex quadratics

X2

X

-



Daniil Merkulov

https://fmin.xyz
https://mda24.fmin.xyz
https://github.com/MerkulovDaniil/mda24
https://t.me/fminxyz

Convergence analysis
Now we can work with the function f(z)
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Convergence analysis
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Convergence analysis

Now we can work with the function f(z) = 3

2T Az with * = 0 without loss of generality (drop the hat from the )
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Convergence analysis
Now we can work with the function f(z) = $2” Az with * = 0 without loss of generality (drop the hat from the #)
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Convergence analysis
1

Now we can work with the function f(z) = $2” Az with * = 0 without loss of generality (drop the hat from the #)

T = 2F — oVt = 2F — oF AP
=(I-a"A)z”

xfj)'l =(1- akk(i))xﬁ-) For i-th coordinate

azﬁ";l =(1- ak)\(i))kx?i)

k

Let's use constant stepsize o = a.. Convergence

condition:
pla) =max |1 —aly)| <1
K3

Remember, that Amin = 0 > 0, Amax = L > p.
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Now we can work with the function f(z) = $2” Az with * = 0 without loss of generality (drop the hat from the #)

T = 2F — oVt = 2F — oF AP
=(I-a"A)z”

xfj)'l =(1- akk(i))xﬁ-) For i-th coordinate

azﬁ";l =(1- ak)\(i))kx?i)

k

Let's use constant stepsize o = a.. Convergence

condition:
pla) =max |1 —aly)| <1
K3

Remember, that Amin = 0 > 0, Amax = L > p.

1 —aul <1
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Convergence analysis
1

Now we can work with the function f(z) = $2” Az with * = 0 without loss of generality (drop the hat from the #)

T = 2F — oVt = 2F — oF AP
=(I-a"A)z”

xfj)'l =(1- akk(i))xﬁ-) For i-th coordinate

azﬁ";l =(1- ak)\(i))kx?i)

k

Let's use constant stepsize o = a.. Convergence

condition:
pla) =max |1 —aly)| <1
K3

Remember, that Amin = 0 > 0, Amax = L > p.

1 —aul <1
—-1<l—apu<1
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Convergence analysis
1

Now we can work with the function f(z) = 227 Az with z* = 0 without loss of generality (drop the hat from the )

)
2" =2b — oV (") = 2F — oFALF
=(I-a"A)z”
xfj)'l =(1- akk(i))xﬁ-) For i-th coordinate
k k k
o = (1 =a"\w) )

k

Let's use constant stepsize o = a.. Convergence

condition:
pla) =max |1 —aly)| <1
K3

Remember, that Amin = 0 > 0, Amax = L > p.

1 —aul <1
—-1<l—apu<1

2
a< — ap >0
I

— mi .
‘f 510;!; Strongly convex quadratics
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Convergence analysis
1

Now we can work with the function f(z) = $2” Az with * = 0 without loss of generality (drop the hat from the #)

T = 2F — oVt = 2F — oF AP
=(I-a"A)z”

xfj)'l =(1- akk(i))xﬁ-) For i-th coordinate

azﬁ";l =(1- ak)\(i))kx?i)

k

Let's use constant stepsize o = a.. Convergence

condition:
pla) =max |1 —aly)| <1
K3

Remember, that Amin = 0 > 0, Amax = L > p.

1 —aul <1 1-aLll <1
—-1<l—apu<1

2
a< — ap >0
I
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Convergence analysis
1

Now we can work with the function f(z) = $2” Az with * = 0 without loss of generality (drop the hat from the #)

T = 2F — oVt = 2F — oF AP
=(I-a"A)z”

xfj)'l =(1- akk(i))xﬁ-) For i-th coordinate

azﬁ";l =(1- ak)\(i))kx?i)

k

Let's use constant stepsize o = a.. Convergence

condition:
pla) =max |1 —aly)| <1
K3

Remember, that Amin = 0 > 0, Amax = L > p.

1 —aul <1 1-aLll <1
—1<l—-an<l1 —-1<1l1-al<1

2
a< — ap >0
I
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Convergence analysis
Now we can work with the function f(z) = $2” Az with * = 0 without loss of generality (drop the hat from the #)
T = 2F — oVt = 2F — oF AP
=(I-a"A)z”
xfj)'l =(1- akk(i))xﬁ-) For i-th coordinate
azﬁ";l =(1- ak)\(i))kx?i)

k — o. Convergence

Let's use constant stepsize a
condition:

pla) =max |1 —aly)| <1
K3

Remember, that Amin = 0 > 0, Amax = L > p.

1 —aul <1 1-aLll <1

—1<l—-an<l1 —-1<1l1-al<1
2 2

a< — ap >0 a< — al >0
m L
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Convergence analysis
Now we can work with the function f(z) = $2” Az with * = 0 without loss of generality (drop the hat from the #)
T = 2F — oVt = 2F — oF AP
=(I-a"A)z”
xfj)'l =(1- akk(i))xﬁ-) For i-th coordinate
azﬁ";l =(1- ak)\(i))kx?i)

k — o. Convergence

Let's use constant stepsize a
condition:

pla) =max |1 —aly)| <1
K3

Remember, that Amin = 0 > 0, Amax = L > p.

1 —aul <1 1-aLll <1

—1<l—-an<l1 —-1<1l1-al<1
2 2

a< — ap >0 a< — al >0
m L
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Convergence analysis
Now we can work with the function f(z) = $2” Az with * = 0 without loss of generality (drop the hat from the #)
T = 2F — oVt = 2F — oF AP
=(I-a"A)z”
xfj)'l =(1- akkm)xﬁ-) For i-th coordinate
azﬁ";l =(1- ak)\(i))kx?i)

k — o. Convergence

Let's use constant stepsize a
condition:

pla) =max |1 —aly)| <1
K3

Remember, that Amin = 0 > 0, Amax = L > p.

1 —aul <1 1-aLll <1

—1<l—-an<l1 —-1<1l1-al<1
2 2

a< — ap >0 a< — al >0
m L

a < 2 is needed for convergence.
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Convergence analysis
1

Now we can work with the function f(z) = 227 Az with z* = 0 without loss of generality (drop the hat from the )

)

T = 2F — oVt = 2F — oF AP
=(I-a"A)z”

xfj)'l =(1- akkm)xﬁ-) For i-th coordinate

ziyt = (1= a"Ap) "l

k — o. Convergence

Let's use constant stepsize a
condition:

pla) =max |1 —aly)| <1
K3

Remember, that Amin = 0 > 0, Amax = L > p.

1 —aul <1 1-aLll <1

—-1<l—apu<1 —-1<1l1—-alL<1
2 2

a< — ap >0 a< — al >0
m L

a < 2 is needed for convergence.

— mi .
‘f fnﬂ Strongly convex quadratics

Now we would like to tune « to choose the best (lowest)

convergence rate

p" =minp(a)
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Convergence analysis
1

Now we can work with the function f(z) = 227 Az with z* = 0 without loss of generality (drop the hat from the )

)

T = 2F — oVt = 2F — oF AP
=(I-a"A)z”

xfj)'l =(1- akkm)xﬁ-) For i-th coordinate

ziyt = (1= a"Ap) "l

k — o. Convergence

Let's use constant stepsize a
condition:

pla) =max |1 —aly)| <1
K3

Remember, that Amin = 0 > 0, Amax = L > p.

1 —aul <1 1-aLll <1

—-1<l—apu<1 —-1<1l1—-alL<1
2 2

a< — ap >0 a< — al >0
m L

a < 2 is needed for convergence.

— mi .
‘f fnﬂ Strongly convex quadratics

Now we would like to tune « to choose the best (lowest)

convergence rate

p" =min p(a) = minmax |1 — o]
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Convergence analysis
1

Now we can work with the function f(z) = 227 Az with z* = 0 without loss of generality (drop the hat from the )

)

T = 2F — oVt = 2F — oF AP
=(I-a"A)z”

xfj)'l =(1- akkm)xﬁ-) For i-th coordinate

ziyt = (1= a"Ap) "l

k — o. Convergence

Let's use constant stepsize a
condition:

pla) =max |1 —aly)| <1
K3

Remember, that Amin = 0 > 0, Amax = L > p.

1 —aul <1 1-aLll <1

—-1<l—apu<1 —-1<1l1—-alL<1
2 2

a< — ap >0 a< — al >0
m L

a < 2 is needed for convergence.

— mi .
‘f fnﬂ Strongly convex quadratics

Now we would like to tune « to choose the best (lowest)
convergence rate

p" =min p(a) = minmax |1 — o]

— min{[1 - anl,|1 - aL|}
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Convergence analysis
1

Now we can work with the function f(z) = 227 Az with z* = 0 without loss of generality (drop the hat from the )

)

T = 2F — oVt = 2F — oF AP
=(I-a"A)z”

xfj)'l =(1- akkm)xﬁ-) For i-th coordinate

ziyt = (1= a"Ap) "l

k — o. Convergence

Let's use constant stepsize a
condition:

pla) =max |1 —aly)| <1
K3

Remember, that Amin = 0 > 0, Amax = L > p.

1 —aul <1 1-aLll <1

—-1<l—apu<1 —-1<1l1—-alL<1
2 2

a< — ap >0 a< — al >0
m L

a < 2 is needed for convergence.

— mi .
‘f fnﬂ Strongly convex quadratics

Now we would like to tune « to choose the best (lowest)
convergence rate

p" =min p(a) = minmax |1 — o]
— min {|1 - agal, |1 — aL]}

*

o 1—-a'p=a"'L-1
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Convergence analysis
1

Now we can work with the function f(z) = 227 Az with z* = 0 without loss of generality (drop the hat from the )

)

T = 2F — oVt = 2F — oF AP
=(I-a"A)z”

xfj)'l =(1- akkm)xﬁ-) For i-th coordinate

ziyt = (1= a"Ap) "l

k — o. Convergence

Let's use constant stepsize a
condition:

pla) =max |1 —aly)| <1
K3

Remember, that Amin = 0 > 0, Amax = L > p.

1 —aul <1 1-aLll <1

—-1<l—apu<1 —-1<1l1—-alL<1

2 2
— 0 — L>0
a<u ap > a<L al, >

a < 2 is needed for convergence.

— mi .
‘f fnﬂ Strongly convex quadratics

Now we would like to tune « to choose the best (lowest)

convergence rate

p" =min p(a) = minmax |1 — o]
— min {|1 - agal, |1 — aL]}

o 1—-a'p=a"'L-1
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Convergence analysis
1

Now we can work with the function f(z) = 227 Az with z* = 0 without loss of generality (drop the hat from the )

)

T = 2F — oVt = 2F — oF AP
=(I-a"A)z”

xfj)'l =(1- akkm)xﬁ-) For i-th coordinate

k k k
zy ! = (1= a"A@) ey

k — o. Convergence

Let's use constant stepsize a
condition:

pla) =max |1 —aly)| <1
K3

Remember, that Amin = 0 > 0, Amax = L > p.

1 —aul <1 1-aLll <1

—-1<l—apu<1 —-1<1l1—-alL<1
2 2

a< — ap >0 a< — al >0
m L

a < 2 is needed for convergence.

— mi .
‘f fnﬂ Strongly convex quadratics

Now we would like to tune « to choose the best (lowest)
convergence rate

p" =min p(a) = minmax |1 — o]

— min{[1 - anl,|1 - aL|}

*

o 1—-a'p=a"'L-1
.« 2 « L—p
“u+l P T Iya
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Convergence analysis

Now we can work with the function f(z) = $2” Az with * = 0 without loss of generality (drop the hat from the #)
Now we would like to tune « to choose the best (lowest)
T = 2F — oVt = 2F — oF AP convergence rate
=(I-a"A)z”
xfj)'l = (1 — a"A))x(y) For i-th coordinate p = min pla) = min max [T — A
l’ﬁ-‘)—l = (1—0Lk)\(1))k113[()1) :mljn{uiaﬂ‘?'l*al"}
Let’s use constant stepsize a* = . Convergence a s l-ap=o0l-1
condition: at = 2 pr = L—p
pla) =max |1 —aly)| <1 p+L L+p
K3
k
Remember, that Amin = 1t > 0, Amax = L > p. 2R = L—p 20
L+p
1 —aul <1 1-aLll <1
—-1<l—apu<1 —-1<1l1—-alL<1
2 2
a< — ap >0 a< — al >0
m L

a < 2 is needed for convergence.

— mi .
‘f fnﬂ Strongly convex quadratics
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Convergence analysis

Now we can work with the function f(z) = $2” Az with * = 0 without loss of generality (drop the hat from the #)
Now we would like to tune « to choose the best (lowest)
T = 2F — oVt = 2F — oF AP convergence rate
=(I-a"A)z”
xfj)'l = (1 — a"A))x(y) For i-th coordinate p = min pla) = min max [T — A
l’ﬁ-‘)—l = (1—0Lk)\(1))k113[()1) :mljn{uiaﬂ‘?'l*al"}
Let’s use constant stepsize a* = . Convergence a s l-ap=o0l-1
condition: at = 2 pr = L—p
pla) =max |1 —aly)| <1 p+L L+p
¢ I k I 2k
Remember, that Amin = pt > 0, Amax = L > pu. o S el A WY fl"th) = LTH £(z°)
L+p L+p
1 —aul <1 1-aLll <1
—-1<l—apu<1 —-1<1l1—-alL<1
2 2
a< — ap >0 a< — al >0
m L

a < 2 is needed for convergence.
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Convergence analysis

. . - k=l _ 1 2
So, we have a linear convergence in the domain with rate = 1 T

condition number of the quadratic problem.

where Kk = % is sometimes called

Iterations to decrease function gap 10 times

K p Iterations to decrease domain gap 10 times

1.1 0.05 1 1
2 0.33 3 2
5 0.67 6 3
10 0.82 12 6
50 0.96 58 29
100 0.98 116 58
500 0.996 576 288
1000 0.998 1152 576

— mi .
‘f EHA}‘; Strongly convex quadratics
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‘f — min
Tz

Polyak-Lojasiewicz smooth case

Polyak-Lojasiewicz smooth case
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Polyak-Lojasiewicz condition. Linear convergence of gradient descent without

convexity
PL inequality holds if the following condition is satisfied for some p > 0,

IVF @) = 2u(f(2) — f7) vz
It is interesting, that the Gradient Descent algorithm might converge linearly even without convexity.

The following functions satisfy the PL condition but are not convex. ®Link to the code
f(z) = 2 4 3sin’(z)

Function, that satisfies
Polyak- Lojasiewicz condition

— f(x) = x2 + 3sin?(x)

-3 -2 -1 0 1 2 3

‘f - ;nylr; Polyak-Lojasiewicz smooth case

33


Daniil Merkulov

https://colab.research.google.com/github/MerkulovDaniil/optim/blob/master/assets/Notebooks/PL_function.ipynb
https://fmin.xyz
https://mda24.fmin.xyz
https://github.com/MerkulovDaniil/mda24
https://t.me/fminxyz

Polyak-Lojasiewicz condition. Linear convergence of gradient descent without
convexity
PL inequality holds if the following condition is satisfied for some p > 0,
IVf@)I* > 2u(f(2) - f7) vz
It is interesting, that the Gradient Descent algorithm might converge linearly even without convexity.
The following functions satisfy the PL condition but are not convex. %@Link to the code
(y —sinx)?

f(x) = 2* + 3sin®(z) fz,y) = :

Non-convex PL function

Function, that satisfies
Polyak- Lojasiewicz condition

—— f(x) = x2 + 3sin?(x)

-3 -2 -1 0 1 2 3

‘f - wl} Polyak-Lojasiewicz smooth case

33
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Convergence analysis

i Theorem

Consider the Problem

f(z) = min
z€RC

and assume that f is u-Polyak-Lojasiewicz and L-smooth, for some L > p > 0.

Consider (z*)ren a sequence generated by the gradient descent constant stepsize algorithm, with a stepsize
satisfying 0 < o < +. Then:

f@®) = 7 < (1= ap)"(f@") = 7).

‘f - 5“.}‘; Polyak-Lojasiewicz smooth case 0 O
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‘f — min
Tz

Smooth convex case

Smooth convex case
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Smooth convex case

i Theorem

Consider the Problem

f(xz) — min
z€RE

and assume that f is convex and L-smooth, for some L > 0.

Let (a:k)keN be the sequence of iterates generated by the gradient descent constant stepsize algorithm, with a
stepsize satisfying 0 < a < % Then, for all z* € argmin f, for all K € N we have that

[

k *
fat) - <

— min
‘f Tz Smooth convex case
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‘f — min
Tz

Lower bounds

Lower bounds
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How optimal is O (%)

® |s it somehow possible to understand, that the obtained convergence is the fastest possible with this class of
problem and this class of algorithms?

lf%ﬁ}‘i Lower bounds 0 0
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How optimal is O (%)

® |s it somehow possible to understand, that the obtained convergence is the fastest possible with this class of

problem and this class of algorithms?
® The iteration of gradient descent:

$k+1 _ .’,Ek _ aka(;rk)
_ xk*l _ ak*lvf(xkfl) _ Oékvf(l'k)

k
_ Z oIV ()
i=0

— min
‘f Tz Lower bounds
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How optimal is O (%)

® |s it somehow possible to understand, that the obtained convergence is the fastest possible with this class of

problem and this class of algorithms?
® The iteration of gradient descent:

$k+1 _ .’,Ek _ aka(;rk)
_ xk*l _ ak*lvf(xkfl) _ Oékvf(l'k)

k
— 0 Zakfivf(xkfi)
i=0

® Consider a family of first-order methods, where

Yea® +span {VF(2°),Vf(a'),...,VFf(a")} (1)

— min
‘f Tz Lower bounds
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Smooth convex case

i Theorem

There exists a function f that is L-smooth and convex such that any method 2 satisfies

. ; .o 3L —a*|3
YN | e | P
in @) =12 =y

‘f - §ny1r; Lower bounds
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Smooth convex case

i Theorem

There exists a function f that is L-smooth and convex such that any method 2 satisfies

. ; .o 3L —a*|3
YN | e | P
in @) =12 =y

® No matter what gradient method you provide, there is always a function f that, when you apply your gradient
method on minimizing such f, the convergence rate is lower bounded as O (k—lz)

‘f% 5“.}‘; Lower bounds 0 O 39
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Smooth convex case

i Theorem

There exists a function f that is L-smooth and convex such that any method 2 satisfies

. ; .o 3L —a*|3
YN | e | P
in @) =12 =y

® No matter what gradient method you provide, there is always a function f that, when you apply your gradient
method on minimizing such f, the convergence rate is lower bounded as O (,712)
® The key to the proof is to explicitly build a special function f.

— min
‘f Tz Lower bounds
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— min
R /- min

Recap

Recap
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Recap

Gradient Descent: m%{n f(z) " =ab — oV f(ab)
zER"
convex (non-smooth) smooth (non-convex) smooth & convex smooth & strongly convex (or PL)
- ~o( ) vreir~o () seh-r~o () et et ((1-4)
vk k k L
kgw(?(iz) ke NO(E) ke N(’)(l) ke ~(9(f110g1>
€ € € €

lf%?“}‘i Recap 0 O 41
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Recap

Gradient Descent: m%{n f(z) " =ab — oV f(ab)
zER"
convex (non-smooth) smooth (non-convex) smooth & convex smooth & strongly convex (or PL)
- ~o( ) vreir~o () seh-r~o () et et ((1-4)
NG k k L
kgva(iz) ke NO(E) ke N(’)(l) ke NO(H10g1>
€ € € €

For smooth strongly convex we have:
k * 1% k 0 *
ety -5 < (1= ) e - ).
Note also, that for any =

l—z<e”

lf%?“}‘i Recap 0 O 41
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Recap

Gradient Descent:

f(x) " =ab — oV f(ab)

convex (non-smooth) smooth (non-convex)

smooth & convex

smooth & strongly convex (or PL)

fa)-f ~0 () IV ~0 ()

imo(d)  w-o()
58 €

fa - ~o(5) et et a0 ((1 - ﬁ))

ke ~ O (1) ke ~ O (mlog 1)
€ e

For smooth strongly convex we have:
k * 1% k 0 *
ety -5 < (1= ) e - ).
Note also, that for any =

l—z<e”

R /—omin oo

Finally we have
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Recap

Gradient Descent: m%{n f(z) " =ab — oV f(ab)
zER"
convex (non-smooth) smooth (non-convex) smooth & convex smooth & strongly convex (or PL)
- ~o( ) vreir~o () seh-r~o () et et ((1-4)
NG k k L
kgva(iz) ke NO(E) ke N(’)(l) ke NO(H10g1>
€ € € €

For smooth strongly convex we have: Finally we have

1@ -1 < (1-5) ) - ). e= Ity - J" <

Note also, that for any x < exp ( ke %) (f@®) = 1)
%) —
€

fz

l-z=e ke > rlog

Question: Can we do faster, than this using the first-order information?

R /—omin oo
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Recap
ZL’k+1 — xk _ oszf(xk)

Gradient Descent: min f(z)
zeRn

smooth & strongly convex (or PL)

convex (non-smooth) smooth (non-convex) smooth & convex

: ) Ivsa e ~0(3) e -r~o(3) wx*”uo(( g))

k
oo (1) oo (2) o0 (wios )
3 3 3

For smooth strongly convex we have: Finally we have

1@ -1 < (1-5) ) - ). =g < (1

Note also, that for any =

—_r<e®
l—z<e ke > rlog

Question: Can we do faster, than this using the first-order information? Yes, we can.
0 O

R /—omin oo
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‘f — min
Tz

Lower bounds

Lower bounds
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Lower bounds

convex (non-smooth) smooth (non-convex)? smooth & convex® smooth & strongly convex (or PL)
1 1 1 \*
° (wz) () o () © ((1 z) >

ke ~ O (52) ke ~ O (\2) ke ~ O (\}E) ke~ O (\/Elog é)

2Carmon, Duchi, Hinder, Sidford, 2017
®Nemirovski, Yudin, 1979

‘f% fu.}‘; Lower bounds 0 O 43
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Lower bounds

The iteration of gradient descent:
xk+1 _ mk _ akvf(mk)

—_ .’L’k71 o akflvf(xkfl) . akvf(lljk)

k
_ xo _ Z ak—ivf(zk—i)
i=0

‘f - ;nylr; Lower bounds
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Lower bounds

The iteration of gradient descent:
xk+1 _ mk _ Oékvf(mk)

—_ .’L'k71 o akflvf(xkfl) . akvf(lljk)
k
— 29— Z ak—ivf(xk—i)
=0

Consider a family of first-order methods, where

2" € 2% + span {Vf(xo),Vf(wl), .- -,Vf(xk)} ()

— min
‘f Tz Lower bounds
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Lower bounds
The iteration of gradient descent:
phtl — R aka(mk) i Non-smooth convex case
_ k-1 k—1 k-1 k k
=z —a T Vf(ET) =t V(") There exists a function f that is M-Lipschitz and

convex such that any first-order method of the
form 2 satisfies

K
_.0 k—i k—i . i oo M|z% — a2
=T — E a" 'V (") min f(z') — >
— z'eu,k]f( )=z 2(1 +Vk)

Consider a family of first-order methods, where

2" € 2% + span {Vf(xo),Vf(ﬂﬂl), .- -,Vf(xk)} ()

‘f%w‘; Lower bounds 0 0
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Lower bounds

The iteration of gradient descent:

2" = b — o)

_ .’L'k71 o akflvf(:ckfl) . akvf(fl:k)

k
_ :Co _ Z ak—ivf(l_k—i)
i=0

Consider a family of first-order methods, where

2" € 2% + span {Vf(xo),Vf(ﬂﬂl), .- -,Vf(xk)} ()

‘f — min
Tz

Lower bounds

°
1 Non-smooth convex case

There exists a function f that is M-Lipschitz and
convex such that any first-order method of the
form 2 satisfies

. 0 _ %
min f(xl) — f* > M
i€[L,k] 2(1 + Vk)

i Smooth and convex case
There exists a function f that is L-smooth and con-

vex such that any first-order method of the form 2
satisfies

e e 3Ll a3
i J@) =12 =i
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‘f — min
Tz

Strongly convex quadratic problem

Strongly convex quadratic problem
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Oscillations and acceleration

Gradient Descent Heavy Ball
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Coordinate shift

Consider the following quadratic optimization problem:

min f(z) = min %xTA:c —b x4, where A€ST,.

z€Rd zERd

‘f - §ny1r; Strongly convex quadratic problem
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Coordinate shift

Consider the following quadratic optimization problem:

1
min f(z) = min =z’ Az — b z + ¢, where A € S%,.
z€eRY z€R4 2

® Firstly, without loss of generality we can set ¢ = 0, which will or affect
optimization process.

‘f - 510;1; Strongly convex quadratic problem
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Coordinate shift

Consider the following quadratic optimization problem:
1
min f(z) = min =z’ Az — b z + ¢, where A € S%,.
zcRd zeRrd 2

® Firstly, without loss of generality we can set ¢ = 0, which will or affect
optimization process.
® Secondly, we have a spectral decomposition of the matrix A:

A =QAQ"

‘f - 510;1; Strongly convex quadratic problem
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Coordinate shift

Consider the following quadratic optimization problem:

1
min f(z) = min =z’ Az — b z + ¢, where A € S%,.
z€eRY z€R4 2

® Firstly, without loss of generality we can set ¢ = 0, which will or affect
optimization process.
® Secondly, we have a spectral decomposition of the matrix A:

A =QAQ"

® | et’s show, that we can switch coordinates in order to make an analysis a
little bit easier. Let # = QT (x — z*), where z* is the minimum point of
initial function, defined by Az™ = b. At the same time x = Q% + z™.

f(@) = %(Q:i: +2°)TAQz + ") — b (Q + 27)
_ %f:TQTAQi’ +(@)TAQE + %(x*)TA(x*)T —VTQi— b2
1

= 54" A%

‘f - 5“.}‘; Strongly convex quadratic problem

X2

X
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‘f — min
Tz

Heavy ball

Heavy ball
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Polyak Heavy ball method

Trajectories with Contour Plot
o Gradient Descent wih step 3.50.01

Start Point
Optimal Point

Trajectories with Contour Plot
~&— Heavy Ball with a 3.5e-01 and B 3.0e-01 §§

Start Point
Optimal Point

‘f - wl} Heavy ball

Let's introduce the idea of momentum, proposed by Polyak in 1964. Recall that the

momentum update is

T

ML= b —aVf(") 4 B’ — zpoa).
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Polyak Heavy ball method
Trajectories with Contour Plot Let’s introduce the idea of momentum, proposed by Polyak in 1964. Recall that the
—-— Grad\enlDescentwvmslep3Se~01§ momentum Update is

4 Start Point
Optimal Point

" =ob — aVf(") + Bt — zpa).

Which is in our (quadratics) case is

Thy1 = Tp — alAZ + ﬂ(ﬁk — ;@k,l) = ([ — ol + ﬁ])i’k — BTk—_1

Trajectories with Contour Plot
~e— Heavy Ball with o 3.5¢-01 and B 3.ue»01§

4 Start Point
Optimal Point

‘f - ;nyul Heavy ball 0 O
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Polyak Heavy ball method
Trajectories with Contour Plot Let’s introduce the idea of momentum, proposed by Polyak in 1964. Recall that the
—e— Gradient Descent with step 3.5e-01 \i momentum Update iS

4 Start Point
Optimal Point

2"t = 2" —aV (") + Ba" - zk1).

-0 Which is in our (quadratics) case is

-2 Trt1 = &k — oAk + ﬂ(i’k — Lfk71) = ([ —al + ﬂ])i’k — BTk—_1
v . .

4@ This can be rewritten as follows
e

-4 -2 ] 2 4
Trajectories with Contour Plot ~ ~ A~

e Trppr = (I — aA + LTy — BEk-1,

a4 Start Point
; Optimal Point jk — jk.

‘fﬁ}fny"} Heavy ball 0 O
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Polyak Heavy ball method

Trajectories with Contour Plot

—&— Gradient Descent with step 3.5e-01 \i

4 ; Start Point

Optimal Point

Trajectories with Contour Plot

—e— Heavy Ball with o 3.5¢-01 and B 3,ue—01§

4 ; Start Point

Optimal Point

‘f — min
Tz

Heavy ball

Let's introduce the idea of momentum, proposed by Polyak in 1964. Recall that the
momentum update is

" =ob — aVf(") + Bt — zpa).
Which is in our (quadratics) case is
Thy1 = Tp — alAZ + ﬂ(i’k — Lfk71) = ([ — ol + ﬂ])i’k — BTk—_1

This can be rewritten as follows

(I —aA+ BIix — BEr—1,

IS
>
+
AR
I

. L z 5 5
Let's use the following notation 2, = { ;H} . Therefore Z2x+1 = M 2k, where the
k

iteration matrix M is:
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Polyak Heavy ball method

Trajectories with Contour Plot

—&— Gradient Descent with step 3.5e-01 \i

4 ; Start Point

Optimal Point

Trajectories with Contour Plot

Tk

—e— Heavy Ball with o 3.5¢-01 and B 3,ue—01§

Start Point
Optimal Point

‘f — min
Tz

Heavy ball

Let's introduce the idea of momentum, proposed by Polyak in 1964. Recall that the
momentum update is

" =ob — aVf(") + Bt — zpa).
Which is in our (quadratics) case is
Thy1 = Tp — alAZ + ﬂ(i’k — Lfk71) = ([ — ol + ﬂ])i’k — BTk—_1

This can be rewritten as follows

(I —aA+ BIix — BEr—1,

IS
>
+
AR
I

. L z 5 5
Let's use the following notation 2, = { ;H} . Therefore Z2x+1 = M 2k, where the
k

iteration matrix M is:

o — {I—aA—FﬁI —51]'

1 04
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Reduction to a scalar case

Note, that M is 2d X 2d matrix with 4 block-diagonal matrices of size d X d inside. It means, that we can rearrange
the order of coordinates to make M block-diagonal in the following form. Note that in the equation below, the
matrix M denotes the same as in the notation above, except for the described permutation of rows and columns.

We use this slight abuse of notation for the sake of clarity.

‘f - EHA}‘; Heavy ball
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Reduction to a scalar case

Note, that M is 2d X 2d matrix with 4 block-diagonal matrices of size d X d inside. It means, that we can rearrange
the order of coordinates to make M block-diagonal in the following form. Note that in the equation below, the
matrix M denotes the same as in the notation above, except for the described permutation of rows and columns.

We use this slight abuse of notation for the sake of clarity.

Figure 22: lllustration of matrix M rearrangement

where &

j](cl) -j;](cl) _
«(d) 531(371
—> Ly, .
(1) :
k—1 fi@
: ~(d)
_‘%I(cd—)l_ k]

My
M,

=
I

My

,(J) is i-th coordinate of vector & € R% and M; stands for 2 x 2 matrix. This rearrangement allows us to

study the dynamics of the method independently for each dimension. One may observe, that the asymptotic
convergence rate of the 2d-dimensional vector sequence of Zj is defined by the worst convergence rate among its
block of coordinates. Thus, it is enough to study the optimization in a one-dimensional case.

‘f - 5“;‘; Heavy ball
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Reduction to a scalar case

For i-th coordinate with \; as an i-th eigenvalue of matrix W we have:

_17&/\1+ﬁ *,B
i

‘f - ;nylr; Heavy ball
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Reduction to a scalar case

For i-th coordinate with \; as an i-th eigenvalue of matrix W we have:

17&/\1+ﬁ *,B
i

The method will be convergent if p(M) < 1, and the optimal parameters can be computed by optimizing the
spectral radius

* 3" — argmi o4 (VIR
o, f" = argmin max p(M) o - (VLI+yp)?’ ’ _<\E+\/ﬁ> '

‘f - §“}‘§ Heavy ball @0
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Reduction to a scalar case

For i-th coordinate with \; as an i-th eigenvalue of matrix W we have:

17&/\14*,3 *,3
i

The method will be convergent if p(M) < 1, and the optimal parameters can be computed by optimizing the
spectral radius

2
4 . (ﬁ — \/ﬁ>

a", 8" =argmin max p(M) o = —7——; —
S st " VL +/p)y? VL+ /i

It can be shown, that for such parameters the matrix M has complex eigenvalues, which forms a conjugate pair, so
the distance to the optimum (in this case, ||zx||), generally, will not go to zero monotonically.

‘f% 5“.}‘; Heavy ball 0 O 51
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Heavy ball quadratic convergence

We can explicitly calculate the eigenvalues of M;:

1—0[)\7,4— —
A%Aé”—A([ NEEs

‘f - ;nylr; Heavy ball

)

1+ B—ahiE/(1+8—al)?—4B

2
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Heavy ball quadratic convergence

We can explicitly calculate the eigenvalues of M;:

AM My l—aX+p -8 _1+/3—04>\ii\/(1+ﬂ—a)\i)2—4ﬂ
1,72 — 1 0 = 3 .

When « and 3 are optimal (a*, 8*), the eigenvalues are complex-conjugated pair (14 8 — a\;)? — 46 <0,

ie. 5> (1-Va\)’

‘f - §ny1r; Heavy ball @0
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Heavy ball quadratic convergence

We can explicitly calculate the eigenvalues of M;:

AM My l—aX+p -8 _1+/3—04>\ii\/(1+ﬂ—a)\i)2—4ﬂ
1,72 — 1 0 = 3 .

When « and 3 are optimal (a*, 8*), the eigenvalues are complex-conjugated pair (14 8 — a\;)? — 46 <0,

ie. 5> (1-Va\)’

_EB2VE -2 PRy
WL+yp?

(VL +/m)?

‘f - §“}‘§ Heavy ball @0
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Heavy ball quadratic convergence

We can explicitly calculate the eigenvalues of M;:

\M AM_AQPMH% —5]> _1+B-anE /I +F—ak)? - 48
1 5,72 1 0 3 .

When « and 3 are optimal (a*, 8*), the eigenvalues are complex-conjugated pair (14 8 — a\;)? — 46 <0,

ie. 5> (1-Va\)’

 LAp—2X\ O E2V(L =) (N — ) \M

M M
Re(A)) = A Im(AM) = VT i

L—p
M

(VL +/m)?

And the convergence rate does not depend on the stepsize and equals to v/5*.

‘f - fnﬂ Heavy ball @0
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Heavy Ball quadratics convergence

i Theorem

Assume that f is quadratic p-strongly convex L-smooth quadratics, then Heavy Ball method with parameters

o 4 ﬂ_ﬁ—\/ﬁ
- VL+yp? T Vit i

converges linearly:

‘f - §ny1r; Heavy ball 0 O
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Heavy Ball Global Convergence *
i Theorem

Assume that f is smooth and convex and that

Bel0,1), aec (0,2(1;5))

Then, the sequence {x)} generated by Heavy-ball iteration satisfies
llzo—a*|I> [ LB 1-8 . 1-p8
2‘2T+1)<16+o¢)7 IfozE(O,T]:

lzo—a*|> -2\ 1-8 2(1-5)
ST A= =aT) <L/5' + >, if ac [T’ T)’

where T is the Cesaro average of the iterates, i.e.,

T
_ 1

f@r) - f" <

“Global convergence of the Heavy-ball method for convex optimization, Euhanna Ghadimi et.al.

‘f - fnﬂ Heavy ball
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Heavy Ball Global Convergence °

i Theorem
Assume that f is smooth and strongly convex and that
ae(0,2), 0<p<i “O‘+\/“20‘2+4(1—6“L)
L7 - 2\ 2 4 2 )

where ag € (0,1/L]. Then, the sequence {z\} generated by Heavy-ball iteration converges linearly to a
unique optimizer z*. In particular,

flaw) = 5 < " (f(xo) — ),
where g € [0,1).

SGlobal convergence of the Heavy-ball method for convex optimization, Euhanna Ghadimi et.al.
lf%ﬁ}‘i Heavy ball 0 O
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Heavy ball method summary

® Ensures accelerated convergence for strongly convex quadratic problems

‘f - ;nylr; Heavy ball
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Heavy ball method summary

® Ensures accelerated convergence for strongly convex quadratic problems
® |ocal accelerated convergence was proved in the original paper.

‘f - §ny1r; Heavy ball
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Heavy ball method summary

® Ensures accelerated convergence for strongly convex quadratic problems
® |ocal accelerated convergence was proved in the original paper.
® Recently was proved, that there is no global accelerated convergence for the method.

‘f - m}'ﬁ Heavy ball
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Heavy ball method summary

Ensures accelerated convergence for strongly convex quadratic problems

Local accelerated convergence was proved in the original paper.

Recently was proved, that there is no global accelerated convergence for the method.
Method was not extremely popular until the ML boom

‘f - fnﬂ Heavy ball
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Heavy ball method summary

Ensures accelerated convergence for strongly convex quadratic problems

Local accelerated convergence was proved in the original paper.

Recently was proved, that there is no global accelerated convergence for the method.

Method was not extremely popular until the ML boom

Nowadays, it is de-facto standard for practical acceleration of gradient methods, even for the non-convex
problems (neural network training)

‘f%w‘; Heavy ball 0 O
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‘f — min
Tz

Nesterov accelerated gradient

Nesterov accelerated gradient
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The concept of Nesterov Accelerated Gradient method

Tpp1 = T — aV f(ay) Tpy1 = ok —aV f(xr) + B(zr — k1) {

— mi .
‘f ;nyul Nesterov accelerated gradient

Yrt1 = T + B(Tr — Tr—1)
Tht1 = Yr+1 — aV f(Yr+1)
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The concept of Nesterov Accelerated Gradient method

Ykt1 = Tk + B(Th — T-1)
Tet1 = xx — aV f(zk) Tet1 = xp —aVf(zr) + Bk — TK-1)

Tht1 = Yr+1 — aV f(Yr+1)

Let's define the following notation

et =2 —aVf(x) Gradient step
di = Br(xr — Tr-1) Momentum term
Then we can write down:
Thir = T} Gradient Descent
Thi1 =z + di Heavy Ball
Tho1 = (zk +di)t Nesterov accelerated gradient

— mi .
‘f §ny1r; Nesterov accelerated gradient D0
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NAG convergence for quadratics

— mi .
‘f wl} Nesterov accelerated gradient
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General case convergence
i Theorem
Let f: R™ — R is convex and L-smooth. The Nesterov Accelerated Gradient Descent (NAG) algorithm is

designed to solve the minimization problem starting with an initial point zo = yo € R™ and Ao = 0. The
algorithm iterates the following steps:

Gradient update: Ykl = Th — %Vf(xk)
Extrapolation: Tht1 = (1 — &) Yk+1 + YeYs
Extrapolation weight: \g;1 = 1-%-7 ';+4>\'2“
Extrapolation weight: Y = 1)\;_);]“

The sequences {f(yx)}ken produced by the algorithm will converge to the optimal value f* at the rate of
o (,}2) specifically:

« _ 2L||zo — z*|?

fle) - 7 < Mz 2o

‘f - 511‘}1; Nesterov accelerated gradient 0 O
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General case convergence

i Theorem

Let f : R™ — R is u-strongly convex and L-smooth. The Nesterov Accelerated Gradient Descent (NAG)
algorithm is designed to solve the minimization problem starting with an initial point o = yo € R" and
Ao = 0. The algorithm iterates the following steps:

Gradient update: Ykt1 = Tk — %Vf(ack)
Extrapolation: Trr1 = (1 — Ye)Yht1 + Ve
Extrapolation weight: Ve = M
VL+ i
The sequences { f(yx)}ren produced by the algorithm will converge to the optimal value f* linearly:
o) = 1 < B o = e (- )

— mi .
‘f 511‘}1; Nesterov accelerated gradient
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