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What is Linear Programming?
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Generally speaking, all problems with linear objective and linear
equalities/inequalities constraints could be considered as Linear
Programming. However, there are some formulations.

min ¢'
zER™ (LP.Basic)
st. Az <b

for some vectors ¢ € R™, b € R™ and matrix A € R™*™. Where the
inequalities are interpreted component-wise.

Standard form. This form seems to be the most intuitive and
geometric in terms of visualization. Let us have vectors ¢ € R",

b € R™ and matrix A € R™*™.

o T
min ¢ z
zER™
st. Az =1b (LP.Standard)
x;>0,i=1,...,
@ o 3
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Example: Diet problem

GA VI &

Proteins
Carbs
Fats Amount per 100g
W e R™P
Calories
Vitamin D
. T
n minc
¢ € RP, price per 100g xeRP
r € R", nutrient requirements [ [ Z t r
z € RP, amount of products, 100g r t O

‘f — min
Tz

Linear Programming

quvgeo wy P npogykrob

. CeTo yekey
Ceh

W X-xon o \Lanuﬂﬂhl% V\(xﬂﬂ'ﬂe’g
»

ch- X; = C'X
(=t

\;o\&)fuoﬁu KopRuHe = {500 kKAA

fu) X rcae_

TONGKO (W X> 2 Vet
hoqmml


Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

https://colab.research.google.com/github/MerkulovDaniil/optim/blob/master/assets/Notebooks/LP.ipynb#scrollTo=fpT9Ywy5obfu
https://fmin.xyz
https://mda24.fmin.xyz
https://github.com/MerkulovDaniil/mda24
https://t.me/fminxyz

Example: Diet problem

e
N
L ‘ < )‘(
Proteins
Carbs
Fats Amount per 100g
W e R™P
Calories
Vitamin D
: T
mimmc
¢ € R?, price per 100g rcRP
r € R", nutrient requirements [[ I t r
z>=0

z € RP, amount of products, 100g

‘f - §ny1r; Linear Programming

Imagine, that you have to construct a diet plan from some
set of products: bananas, cakes, chicken, eggs, fish. Each
of the products has its vector of nutrients. Thus, all the
food information could be processed through the matrix
W. Let us also assume, that we have the vector of
requirements for each of nutrients » € R™. We need to
find the cheapest configuration of the diet, which meets
all the requirements:

. T
mimc x
T ERP

st. Wa =r
z; >0,i=1,...,n

@Open In Colab .< WX < rMAX

W\\\n
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Basic transformations

® Max-min
LT T
min ¢ max —c¢ T
TERM o TERM
st. Az <b st. Az <b
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Basic transformations

® Max-min
Bines | ompeee
st. Az <b st. Az <b k (ﬁ%
* Equality to inequality (" (Qéb
AbeH{Ame \/\()()-;O (=>
Az >b —'\r\(‘é 20

‘f - ;nylr; Linear Programming @0 O
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Basic transformations

® Max-min
LT T
min ¢ max —c¢ T
TERM o TERM
st. Az <b st. Az <b

® Equality to inequality

<
Ar = b+ Az <b
Ax > b

® |nequality to equality by increasing the dimension of the problem by m.

Az+z=b AYéb :)\\iﬁ?o
Z

1 -b-M
A2 = ®

Ax§b<—>{

‘f% 5“;‘; Linear Programming 0 O
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Basic transformations

® Max-min
LT T
min ¢ max —c¢ T
TERM o TERM
st. Az <b st. Az <b

® Equality to inequality

<
Ar = b+ Az <b
Ax > b

® |nequality to equality by increasing the dimension of the problem by m.

Ax+2z=0b

Ax§b<—>{
z>0

X‘\'
® Unsigned variables to nonnegative variables. QJ\

A O\NX n

& rT=x. —x_
-2 - 0 \- l T Qx>0
b :> O - >0

— min : .
‘f Tz Linear Programming
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Example: Chebyshev approximation problem

min ||Az — b||
TER™

<> min m:
xER™

[Xll, = wex [

ax|aj © — b
1

Could be equivalently written as an LP with the replacement of the maximum coordinate of a vector:

‘f — min
Tz

Linear Programming
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Example: Chebyshev approximation problem

-0 Koefy- @uqoea ’\‘ﬁ'\)

+ 2
/\T‘ ,m lu?x«\);‘\:t; g

m]%n [|[Az — b]|oc <> m]iRn max |a; © — b;| L
TERn z€R™ i - 2

™
Could be equivalently written as an LP with the replacement of the maximum coordinate of a vector:

N+ L nepears HHbIX 4 < OIIX- b,-, < 'ti
AN OLpoisuud. 208 v ]
s.t. a?m—bigt,izl,...,n ‘bu:. \m‘X‘BL‘
T .
—a;x+b;, <t,i=1,...,n o '{;L :_):

_t ¢ arx-4, <t el

‘f - ;nyul Linear Programming ® 0
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Could be equivalently written as an LP with the replacement of the sum of coordinates of a vector:

— min : .
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Could be equivalently written as an LP with the replacement of the sum of coordinates of a vector:

T
in AT
RminR 17¢ W\'V"‘\A
t "",:E n
o ‘ xe®’
st.a;x—b; <t;,,i=1,...,n »';G.en
T .
—a; x+b; <t;,i=1,...,n T )\
qix-—b"—‘bt

M OrPf “___\\
AN N Plustkhbs

‘f% 5“.}‘; Linear Programming 0 O 7


Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

https://fmin.xyz
https://mda24.fmin.xyz
https://github.com/MerkulovDaniil/mda24
https://t.me/fminxyz

Duality in Linear Programming

‘f - wl} Duality in Linear Programming


Daniil Merkulov

https://fmin.xyz
https://mda24.fmin.xyz
https://github.com/MerkulovDaniil/mda24
https://t.me/fminxyz

Duality

Primal problem:
T
min ¢
IGR’!L
st. Az =10 (1)
z; >0,i=1,...,n
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Duality

Primal problem:
T
min ¢
IGR’!L
st. Az =10 (1)
z; >0,i=1,...,n

KKT for optimal z*, v*, \*:
L(z,v,\) =c 2+ v (Az —b) — ATz
— AT N =¢
Az" =0
zF >0
A" =0

Nz, =0
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Duality

Primal pro

blem:
T
min ¢ =
TERM
st. Az =b

z; >0,i=1,...,n

KKT for optimal z*, v*, \*:

‘f — min
Tz

Lz, v,\) =c 'z + v (Az —b) — X'z
— ATV N =

Az" =b

zF >0

A =0

Nz, =0

Duality in Linear Programming

Has the following dual:

mﬂ%x —b'v
JERM )
(1) st. —ATv=<ec

Find the dual problem to the problem above (it should be
the original LP). Also, write down KKT for the dual
problem, to ensure, they are identical to the primal KKT.
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Strong duality in linear programming

(i) If either problem Equation 1 or Equation 2 has a (finite) solution, then so does the other, and the objective
values are equal.
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Strong duality in linear programming

(i) If either problem Equation 1 or Equation 2 has a (finite) solution, then so does the other, and the objective
values are equal.

(i) If either problem Equation 1 or Equation 2 is unbounded, then the other problem is infeasible.
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Strong duality in linear programming

(i) If either problem Equation 1 or Equation 2 has a (finite) solution, then so does the other, and the objective
values are equal.

(i) If either problem Equation 1 or Equation 2 is unbounded, then the other problem is infeasible.
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Strong duality in linear programming
(i) If either problem Equation 1 or Equation 2 has a (finite) solution, then so does the other, and the objective

values are equal.
(i) If either problem Equation 1 or Equation 2 is unbounded, then the other problem is infeasible.

PROOF. For (i), suppose that Equation 1 has a finite optimal solution z*. It follows from KKT that there are
optimal vectors A* and v* such that (z*,v*, \*) satisfies KKT. We noted above that KKT for Equation 1 and
Equation 2 are equivalent. Moreover, cz* = (—ATv* + X\*)Tx* = —(v*)T Az* = —b"v*, as claimed.

A symmetric argument holds if we start by assuming that the dual problem Equation 2 has a solution.
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Strong duality in linear programming
(i) If either problem Equation 1 or Equation 2 has a (finite) solution, then so does the other, and the objective

values are equal.
(i) If either problem Equation 1 or Equation 2 is unbounded, then the other problem is infeasible.

PROOF. For (i), suppose that Equation 1 has a finite optimal solution z*. It follows from KKT that there are
optimal vectors A* and v* such that (z*,v*, \*) satisfies KKT. We noted above that KKT for Equation 1 and
Equation 2 are equivalent. Moreover, cz* = (—ATv* + X\*)Tx* = —(v*)T Az* = —b"v*, as claimed.

A symmetric argument holds if we start by assuming that the dual problem Equation 2 has a solution.
. such

To prove (i), suppose that the primal is unbounded, that is, there is a sequence of points zx, k =1,2,3,.

that
chk $—oo, Axp=0b, xp>0.
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Strong duality in linear programming
(i) If either problem Equation 1 or Equation 2 has a (finite) solution, then so does the other, and the objective

values are equal.
(i) If either problem Equation 1 or Equation 2 is unbounded, then the other problem is infeasible.

PROOF. For (i), suppose that Equation 1 has a finite optimal solution z*. It follows from KKT that there are
optimal vectors A* and v* such that (z*,v", \*) satisfies KKT. We noted above that KKT for Equation 1 and
Equation 2 are equivalent. Moreover, cz* = (—ATv* + X\*)Tx* = —(v*)T Az* = —b"v*, as claimed.

A symmetric argument holds if we start by assuming that the dual problem Equation 2 has a solution.
To prove (i), suppose that the primal is unbounded, that is, there is a sequence of points zx, k =1,2,3,... such

that
chk $—oo, Axp=0b, xp>0.

Suppose too that the dual Equation 2 is feasible, that is, there exists a vector & such that —ATo < ¢. From the
latter inequality together with z; > 0, we have that —oT Azy, < ¢Txy, and therefore

T =0T Az < T ap | —o0,

yielding a contradiction. Hence, the dual must be infeasible. A similar argument can be used to show that the
unboundedness of the dual implies the infeasibility of the primal.

‘f - 5“;‘; Duality in Linear Programming


Daniil Merkulov

https://fmin.xyz
https://mda24.fmin.xyz
https://github.com/MerkulovDaniil/mda24
https://t.me/fminxyz

Example: Transportation problem

The prototypical transportation problem deals with the distribution of a commodity from a set of sources to a set of
destinations. The object is to minimize total transportation costs while satisfying constraints on the supplies
available at each of the sources, and satisfying demand requirements at each of the destinations.
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Figure 1: Western Europe Map. ®Open In Colab
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Example: Transportation problem Drn Cem X
Customer / Source  Arnhem [€/ton]  Gouda [€/ton] Demand [tons] s\
London n/a {0ocD 2.5 125 A
Berlin 2.5 n/a {000 175 W
Maastricht 1.6 2.0 225 \
Amsterdam 1.4 1.0 250
Utrecht 0.8 1.0 225
The Hague 1.4 0.8 200 ?\LQ
Supply [t 550 t 700 t To
upply [tons] ons ons “@&0‘50‘(

minimize: Cost = Z Z T'[c, s]ze, ]

c€Customers sE€Sources
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Example: Transportation problem

Customer / Source

Arnhem [€/ton]

Gouda [€/ton]

Demand [tons]

London n/a 2.5 125
Berlin 25 n/a 175
Maastricht 1.6 2.0 225
Amsterdam 1.4 1.0 250
Utrecht 0.8 1.0 225
The Hague 1.4 0.8 200
Supply [tons] 550 tons 700 tons
minimize: Cost = Z Z T'[c, s]xe, ]

‘f — min
Tz

Z x[c, s] < Supply[s]

c€ Customers

Duality in Linear Programming

c€Customers sE€Sources

Vs € Sources
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Example: Transportation problem

Customer / Source  Arnhem [€/ton]  Gouda [€/ton]

Demand [tons]

London n/a 2.5
Berlin 25 n/a
Maastricht 1.6 2.0
Amsterdam 1.4 1.0
Utrecht 0.8 1.0
The Hague 14 0.8
Supply [tons] 550 tons 700 tons

125
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225
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225
200

minimize: Cost = Z Z T'[c, s]xe, ]

c€Customers sE€Sources

bobmwm > ale,s] < Supplyls]

noexad
e \Aa_;zt\ukk& Customers

V\U(de\m Z z[e, s] = Demand|c]
nyt (“MS Sources
M V\o‘iwham

‘f - 5!1;!; Duality in Linear Programming

Vs € Sources

Ve € Customers

Supply

550

This can be represented in the
following graph:

Demand

125

175

225

250

225

200

Figure 2: Graph associated with the
problem
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Simplex Algorithm


Daniil Merkulov

https://fmin.xyz
https://mda24.fmin.xyz
https://github.com/MerkulovDaniil/mda24
https://t.me/fminxyz

Geometry of simplex algorithm
We will consider the following simple formulation of LP,
which is, in fact, dual to the Standard form:

B = {1, 3} — Unfeasible basis

Z2
. T
v’ S min ¢
< s Ta3 Ww- Pafld}ﬂe“ ZERT

(LP.Inequality)
4;‘:).355\” st. Az <b

° Definitio}a basis B is a subset of n (integer)
numbers between 1 and m, so that rankAz = n.

A n a=fus o
(ll ot
e & = (i i)""} - Hjrgaw
faye
B = {4,5} — Feasible basis a n "
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Geometry of simplex algorithm
We will consider the following simple formulation of LP,

which is, in fact, dual to the Standard form:

B = {1, 3} — Unfeasible basis

T2
T
mmc T
weR™ (LP.Inequality)
st. Az <b
® Definition: a basis B is a subset of n (integer)
numbers between 1 and m, so that rankAz = n.
® Note, that we can associate submatrix Az and
corresponding right-hand side bz with the basis B.
B = {4,5} — Feasible basis
0 T

B Somin e Algorithm
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Geometry of simplex algorithm

T2

B = {1, 3} — Unfeasible basis

B = {4,5} — Feasible basis

‘f — min
Tz

Simplex Algorithm

T1

We will consider the following simple formulation of LP,
which is, in fact, dual to the Standard form:

min ¢' z
weR™ (LP.Inequality)
st. Az <b

® Definition: a basis B is a subset of n (integer)
numbers between 1 and m, so that rankAz = n.

® Note, that we can associate submatrix Az and
corresponding right-hand side bz with the basis B.

® Also, we can derive a point of intersection of all these
hyperplanes from the basis: x5 = Aglbg.
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Geometry of simplex algorithm
We will consider the following simple formulation of LP,

which is, in fact, dual to the Standard form:
s B = {1, 3} — Unfeasible basis
min ¢z
ceR™ (LP.Inequality)
st. Az <b

® Definition: a basis B is a subset of n (integer)
numbers between 1 and m, so that rankAz = n.

® Note, that we can associate submatrix Az and
corresponding right-hand side bz with the basis B.

® Also, we can derive a point of intersection of all these
hyperplanes from the basis: x5 = Aglbg.

® |f Axp < b, then basis B is feasible.

B = {4,5} — Feasible basis A Xg é' b X@z A-; . \Db
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Geometry of simplex algorithm
We will consider the following simple formulation of LP,

which is, in fact, dual to the Standard form:
B = {1, 3} — Unfeasible basis
min ¢z
ceR™ (LP.Inequality)
st. Az <b

® Definition: a basis B is a subset of n (integer)
numbers between 1 and m, so that rankAz = n.

® Note, that we can associate submatrix Az and
corresponding right-hand side bz with the basis B.

® Also, we can derive a point of intersection of all these
hyperplanes from the basis: x5 = Aglbg.

® |f Axp < b, then basis B is feasible.

® A basis B is optimal if zg is an optimum of the

B = {4,5} — Feasible basis LP.Inequality.
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The solution of LP if exists lies in the corner

Z2 Theorem

1. If Standard LP has a nonempty feasible region, then there
is at least one basic feasible point

The high-level idea of the simplex method is following:
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The solution of LP if exists lies in the corner

T2

x1

Theorem

1. If Standard LP has a m\)nempty feasible region, then there
is at least one basic feasible point m<n
2. If Standard LP hagsolutions, then at least gne such

solution is a baql‘c optimal point. \ \
‘— lc —>a> Py
xﬂu aﬁ

The high-level idea of the simplex method is following:
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The solution of LP if exists lies in the corner

T2

x1

Theorem

1. If Standard LP has a nonempty feasible region, then there
is at least one basic feasible point

2. If Standard LP has solutions, then at least one such
solution is a basic optimal point.

3. If Standard LP is feasible and bounded, then it has an
optimal solution.

The high-level idea of the simplex method is following:
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The solution of LP if exists lies in the corner

T2

x1

Theorem

1. If Standard LP has a nonempty feasible region, then there
is at least one basic feasible point

2. If Standard LP has solutions, then at least one such
solution is a basic optimal point.

3. If Standard LP is feasible and bounded, then it has an
optimal solution.

The high-level idea of the simplex method is following:


Daniil Merkulov

https://fmin.xyz/assets/files/NumericalOptimization.pdf
https://fmin.xyz/assets/files/NumericalOptimization.pdf
https://fmin.xyz
https://mda24.fmin.xyz
https://github.com/MerkulovDaniil/mda24
https://t.me/fminxyz

The solution of LP if exists lies in the corner

T2

‘f — min
Tz

Simplex Algorithm

x1

Theorem

1. If Standard LP has a nonempty feasible region, then there
is at least one basic feasible point
2. If Standard LP has solutions, then at least one such
solution is a basic optimal point.
3. If Standard LP is feasible and bounded, then it has an
optimal solution.
For proof see Numerical Optimization by Jorge Nocedal and
Stephen J. Wright theorem 13.2

The high-level idea of the simplex method is following:
® Ensure, that you are in the corner.
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The solution of LP if exists lies in the corner

T2

‘f — min
Tz

Simplex Algorithm

x1

Theorem

1. If Standard LP has a nonempty feasible region, then there
is at least one basic feasible point
2. If Standard LP has solutions, then at least one such
solution is a basic optimal point.
3. If Standard LP is feasible and bounded, then it has an
optimal solution.
For proof see Numerical Optimization by Jorge Nocedal and
Stephen J. Wright theorem 13.2

The high-level idea of the simplex method is following:
® Ensure, that you are in the corner.
® Check optimality.
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The solution of LP if exists lies in the corner

T2

‘f — min
Tz

Simplex Algorithm

x1

Theorem

1. If Standard LP has a nonempty feasible region, then there
is at least one basic feasible point
2. If Standard LP has solutions, then at least one such
solution is a basic optimal point.
3. If Standard LP is feasible and bounded, then it has an
optimal solution.
For proof see Numerical Optimization by Jorge Nocedal and
Stephen J. Wright theorem 13.2

The high-level idea of the simplex method is following:
® Ensure, that you are in the corner.
® Check optimality.
® |f necessary, switch the corner (change the basis).
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The solution of LP if exists lies in the corner

T2

‘f — min
Tz

Simplex Algorithm

x1

Theorem

1. If Standard LP has a nonempty feasible region, then there
is at least one basic feasible point
2. If Standard LP has solutions, then at least one such
solution is a basic optimal point.
3. If Standard LP is feasible and bounded, then it has an
optimal solution.
For proof see Numerical Optimization by Jorge Nocedal and
Stephen J. Wright theorem 13.2

The high-level idea of the simplex method is following:
® Ensure, that you are in the corner.
® Check optimality.
® |f necessary, switch the corner (change the basis).
® Repeat until converge.
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Since we have a basis, we can decompose our objective vector ¢ in
this basis and find the scalar coefficients Ag:

AgAp =T

o Ag =c A

Theorem o >\5_..-.>\vs S o => g — OMTWJIAARLHUW

If all components of Az are non-positive and B is feasible, then

Ab ﬁ)&: -C

~ .
B is optimal.
Proof
iple basis ('\ n

Azt Azt < bzt < Tap
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Optimal basis

T2

~

F, 3} — Unfeasible pasis

— Feasible basis

1

T1

‘f - §ny1r; Simplex Algorithm

Since we have a basis, we can decompose our objective vector ¢ in
this basis and find the scalar coefficients Ag:

MgAp =cT & A\ = cTAg1
Theorem

If all components of A are non-positive and B is feasible, then
B is optimal.

Proof

Azt Azt < bzt < Tap

Az < bg
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Optimal basis

Since we have a basis, we can decompose our objective vector ¢ in

this basis and find the scalar coefficients Ag:
B = {1, 3} — Unfeasible basis

as MgAp =cT & A\ = cTAl;1

Theorem

If all components of A are non-positive and B is feasible, then
B is optimal.

Proof

AN

* * T x T
B = {4,5} — Feasible basis Ja7 ArT < beat <c s
0 1 Az < bg

Mg Apz* > A\Ebg

B Somin e Algorithm
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Optimal basis

Since we have a basis, we can decompose our objective vector ¢ in
this basis and find the scalar coefficients Ag:

B = {1, 3} — Unfeasible basis

as MgAp =cT & A\ = cTAl;1

Theorem

If all components of A are non-positive and B is feasible, then
B is optimal.

Proof

AN

* * T x T
B = {4,5} — Feasible basis Ja7 ArT < beat <c s
Az < bg

Mg Apz* > A\Ebg

T T
c'x" > \gApzs

0 T1

B Somin e Algorithm 00


Daniil Merkulov

https://fmin.xyz
https://mda24.fmin.xyz
https://github.com/MerkulovDaniil/mda24
https://t.me/fminxyz

Optimal basis

Since we have a basis, we can decompose our objective vector ¢ in

this basis and find the scalar coefficients Ag:
B = {1, 3} — Unfeasible basis

x5
< as /\};AB =’ & )\g = (:TAZ;1
S Theorem
If all components of A are non-positive and B is feasible, then
B is optimal.
\ Proof V\aab ) HO X‘)/ WL onT WM. )T,Q.
¥ .
* * T x T
B = {4,5} — Feasible basis Ja”: Ax” <bca” <c g 3)‘ :
* NG T\ T
0 1 Apx” < bs \>\$' A SCX‘)
M Az™ > Agbs
T ~ Fat > \E Agas k\/\‘-éh
C Tt > cTan
~——-—"""
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Changing basis

T2 B = {3,4} — Initial basis
as )
as
ay
ai

\

B = {4,5} — New basis

as

0 T1

Suppose, some of the coefficients of Az
are positive. Then we need to go
through the edge of the polytope to the
new vertex (i.e., switch the basis)

B Somin e Algorithm

® Suppose, we have a basis B: A =cTA

-1
B
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Changing basis
® Suppose, we have a basis B: \5 = cTAg1
1 k , . N
B — {3, 4} — nitial basis . C_ 4 If_et s assume, that Az > 0. We'd like to drop k from the basis and
orm a new one: V"

as

B = {4,5} — New basis

0 T1

Suppose, some of the coefficients of Az
are positive. Then we need to go
through the edge of the polytope to the
new vertex (i.e., switch the basis)
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Changing basis

® Suppose, we have a basis B: \5 = cTAg1

° ' k , . .
M B = {3, 4}  Tnitial basis Let's assume, that Az > 0. We'd like to drop k from the basis and

) form a new one:
as
.\_&‘y{ Ap\pd=0 W Me\pdmuu OTTANGHOL  OF PAHUURUD

Lyp. afd=—1 agum L cro‘»Hd nmem_ 3Ha.
a; ! ((@
\

B = {4,5} — New basis

az

as

0 T1

Suppose, some of the coefficients of Az
are positive. Then we need to go
through the edge of the polytope to the
new vertex (i.e., switch the basis)
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Changing basis
® Suppose, we have a basis B: \5 = cTAg1

® Let's assume, that A% > 0. We'd like to drop k from the basis and

T2 B = {3,4} — Initial basis
form a new one:
as a3 )
Ap\gryd =0 7
ald=—1
ay
ai

\

B = {4,5} — New basis

as

0 T1

Suppose, some of the coefficients of Az
are positive. Then we need to go
through the edge of the polytope to the
new vertex (i.e., switch the basis)
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Changing basis
® Suppose, we have a basis B: \5 = cTAg1

® Let's assume, that A% > 0. We'd like to drop k from the basis and

9 B = {3,4} — Initial basis . ..
N form a new one: L UL &%‘1 (253. -‘6()
N Ap\ryd =0 v -
SRS Td= N5 Apd = Z Ai(Apd)’
apd=—1 —-— p—

ay

B = {;,\5} — New basis X o )H. ]\A 0\

Suppose, some of the coefficients of A\p — C/T + d —
are positive. Then we need to go - old -

through the edge of the polytope to the
X C/Td

new vertex (i.e., switch the basis)
‘f%?“}‘i Simplex Algorithm 0 O 17
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T2 B = {3,4} — Initial basis
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B = {4,5} — New basis
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0 T1

Suppose, some of the coefficients of Az
are positive. Then we need to go
through the edge of the polytope to the
new vertex (i.e., switch the basis)
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® Suppose, we have a basis B: A =cTA

—1
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® Let's assume, that A% > 0. We'd like to drop k from the basis and
form a new one:

{

ald=—1

c'd=gAsd =) Ns(Agd)'

i=1

=-Mi <o
-——
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Changing basis
® Suppose, we have a basis B: \5 = cTAg1
1 k , . N
302 B = {3, 4}  Tnitial basis ® |et's assume, that Az > 0. We'd like to drop k from the basis and

) form a new one:

Ap\d =0 —~ ;
{ai\i{f}l Td=X5Apd =Y " Ns(Asd)’ = -\ <0

. P &g)q} i :fﬁ ;2,8 j P

® For all j ¢ B calculate the projection stepsize:
AN s

\ 7bj_a?$8 rAl [\&’ks
“Y = {4,5} — New basis Hi = a?d / )

0 T1

as
az

Suppose, some of the coefficients of Az
are positive. Then we need to go
through the edge of the polytope to the
new vertex (i.e., switch the basis)

B Somin e Algorithm 00
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Changing basis

T2 B = {3,4} — Initial basis
as )
as
ay
ai

\

“Y = {4,5} — New basis

0 T1

Suppose, some of the coefficients of Az
are positive. Then we need to go
through the edge of the polytope to the
new vertex (i.e., switch the basis)

B Somin e Algorithm

Suppose, we have a basis B: \} = cTAg1

Let's assume, that A% > 0. We'd like to drop k from the basis and

form a new one:

ald=—1

Ap\yd =0 ~ :
{ B\(k} d=NEAsd = Na(Asd)' = ~\§ <0

i=1
For all j ¢ B calculate the projection stepsize:

b; — a?ws
Hy =
afd

Define the new vertex, that you will add to the new basis:

@: arg mjin{ﬂj | uj >0}
B' = B\{k} U {t}

rp’ = ITB + /,Ltd = Ag/lbg/
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Changing basis

—1

® Suppose, we have a basis B: \5 = cTAB
1 k , . N
o B = {3, 4}  Tnitial basis ® Let's assume, that A3 > 0. We'd like to drop k from the basis and
form a new one:
as

N ) Asyyd =0 .

B\{k}t = T T i i k
cd:/\Adzg Ag(Apd)' = -5 <0

{agd—l BAB — B( B ) B

ay4 =

ai

For all j ¢ B calculate the projection stepsize:

\ B b; — a?ws

%Y B = {4,5) — New basis Hi = aTd

0 T . . .
! ® Define the new vertex, that you will add to the new basis:

t = argmin{y; | p1; > 0}
Suppose, some of the coefficients of Az J
are positive. Then we need to go B' = B\{k} U {t}
through the edge of the polytope to the tp = &5 + ped = Ag}bg/
new vertex (i.e., switch the basis)

® Note, that changing basis implies objective function decreasing

T T T T
) ¢z =c (zp+md) =c g+ puc d
BoSmin B (x5 + ped) B+ it 0o o


Daniil Merkulov

https://fmin.xyz
https://mda24.fmin.xyz
https://github.com/MerkulovDaniil/mda24
https://t.me/fminxyz

Finding an initial basic feasible solution ?(’LKSM\L\. Mq» fInoxo
Lo wedop qrken

We aim to solve the following problem:

atmob
m%@n 'z M'S m &’}Pq
peRr (3) " m
st. Az <b cm —/'—’—\- |
The proposed algorithm requires an initial basic feasible Vl,@—'\\_
solution and corresponding basis. ( 3
Qoo  uex GeW 4

B= M\*\wa Leno moreqanb Hyro, CTAPTO HRA

’ (yrrogas)
T UKa P IO Mo apnucyipe™

hopuasttin o gla. crpor, touot ()
(Yrroi)
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Finding an initial basic feasible solution

K= \j’f
We aim to solve the following problem: We start by reformulating the problem:

=>

. T ) T
2R ek () et € =)
st. Az <b st. Ay— Az <b Qh Mpﬂw (4)

The proposed algorithm requires an initial basic feasible y20,220

solution and corresponding basis.
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Finding an initial basic feasible so{ution gz(g\ 2= 8
X=Y-2 ©

= 2
We aim to solve the following problem: —p We start by reformulating the problem:
. T ) T
min ¢ x min ¢ (y—z)
xER™ (3) yER™ zeR"
st. Ax <b st. Ay — Az <b (4)
y=>0,220

The proposed algorithm requires an initial basic feasible
solution and corresponding basis.

Given the solution of Problem 4 the solution of Problem 3 can be recovered and vice versa
rT=y—2z & yi = max(z;,0), 2z = max(—z;,0)
Now we will try to formulate new LP problem, which solution will be basic feasible point for Problem 4. Which

means, that we firstly run Simplex algorithm for Phase-1 problem and run Phase-2 problem with known starting
point. Note, that basic feasible solution for Phase-1 should be somehow easily established.

‘fﬁ}fﬂ.}‘; Simplex Algorithm 0 O 18
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Finding an initial basic feasible solution

min ¢’ (y— 2)

yER™ zER™
st. Ay — Az <b (Phase-2 (Main LP))
- A —

y>0,2>0

‘f - ?qyu} Simplex Algorithm
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Finding an initial basic feasible solution Ae @MM

min ¢’ (y— 2)
yER™ zER™

st. Ay — Az <b (Phase-2 (Main LP))
y>0,2>0
” B0 MOT ATER kg
EERm,zIJIé}RI}HZGR" Z& '{))\‘ﬁ-h\(k
= (Phase-1)

st. Ay — Az <b+¢ 6;\5__,/j
y>0,2>0,£>0

‘f - ;nyul Simplex Algorithm
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Finding an initial basic feasible solution
min ¢ (y—2)
yeER™ ,zeR™
st. Ay— Az <b
y=>0,22>0

(Phase-2 (Main LP))

min ﬁ;& -0 (%p

£ERM yeRn zERN 4
(Phase-1)

st. Ay — Az <b+¢
y>0,2>20,£>0

‘f - §ny1r; Simplex Algorithm

:% ‘\3, A2 b+f

® |f Phase-2 (Main LP) problem has a feasible solution,
then Phase-1 optimum is zero (i.e. all slacks &; are

zero).
Proof: trivial check.

nau& a ta)z;

//0
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Finding an initial basic feasible solution

. . awnobe® Tolxg ® If Phase-2 (Main .LP) pr_oblem h_as a feasible solution,
yeuaar}}mew ¢ (y—=z) = Bemonreust then Phase-1 optimum is zero (i.e. all slacks &; are
® . zero).
st. Ay — Az <b (thii(r:gg;‘?iq Proof: trivial check.
y>0,2>0 ® |f Phase-1 optimum is zero (i.e. all slacks &; are
2w ot PAKUL. zero), then we get a feasible basis for Phase-2.
m Proof: trivial check.
o I 2 omu. puuakl TR,
i=1 (Phase-1) = YW NOS.
st Ay—Az<b+e wweb Pbdﬁe'i 7\
y>0,22>20,£2>0 ()
x . Az hase-2
V\\aexb : , “‘)2 [\{- 2 éb KAK  HedTu 7
\ ) ‘ Y- TSLKd :
0 y=0 2 >0
0 O 19
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Finding an initial basic feasible solution
® |f Phase-2 (Main LP) problem has a feasible solution,

RminR ¢ (y—2) then Phase-1 optimum is zero (i.e. all slacks &; are
yER™, zER™
. zero).
st. Ay— Az <b (Phase-2 (Main LP)) Proof: trivial check.
y>0,2>0 ® |f Phase-1 optimum is zero (i.e. all slacks &; are
zero), then we get a feasible basis for Phase-2.
Proof: trivial check.

m

min E &
EER™ ,yER™ 2€R £ 7
=

st. Ay — Az <b+¢
y>0,22>20,£>0

(Phase-1)

‘f - §“}‘§ Simplex Algorithm
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Finding an initial basic feasible solution
® |f Phase-2 (Main LP) problem has a feasible solution,

RminR c(y—2z) then Phase-1 optimum is zero (i.e. all slacks &; are
yER™, zER™
. zero).
st. Ay — Az <b (PhaseﬁiMaln LP)) Proof: trivial check.
y>0,2>0 AN L peULLAtL ® |f Phase-1 optimum is zero (i.e. all slacks &; are
zero), then we get a feasible basis for Phase-2.
Proof: trivial check.

' Y P he
EeRm,zI/Ié}RIL,zeRn Zz:; & “aa(o W eu,uku\ W W4 &

(Phase-1) (A’U\ T0Ue

st. Ay — Az <b+¢
—_— an4m orp, Phase 4
y>0,2>20,£>0 KAK PAR \d

® Now we know, that if we can solve a Phase-1 problem then we will either find a starting point for the simplex
method in the original method (if slacks are zero) or verify that the orlglnal problem was infeasible (if slacks are

non-zero). A \d 2 ¢ b
\a Z

B Somin e Algorithm
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Finding an initial basic feasible solution

min ¢ (y—2)

yER™, zERN
st. Ay— Az <b
y>0,2>0

method in the ongmal method (if slacks are

non-zero).

‘f - §“}‘§ Simplex Algorithm

(Phase-2 (Main LP))

® |f Phase-2 (Main LP) problem has a feasible solution,

then Phase-1 optimum is zero (i.e. all slacks &; are

zero).
Proof: trivial check.

® |f Phase-1 optimum is zero (i.e. all slacks &; are
zero), then we get a feasible basis for Phase-2.

Proof: trivial check.
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‘f — min
Tz

Convergence of the Simplex Algorithm

Convergence of the Simplex Algorithm
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Unbounded budget set

) B = {3,4} — Initial basis
as
az
! .
c
ld
—C a4
al >
P
0 T

‘f — min
Tz

Convergence of the Simplex Algorithm

In this case, all p; will be negative.

21


Daniil Merkulov

https://fmin.xyz
https://mda24.fmin.xyz
https://github.com/MerkulovDaniil/mda24
https://t.me/fminxyz

Degeneracy

T2

Degeneracy

as

e LN

S

as

‘f — min
Tz

Convergence of the Simplex Algorithm

T

ag

One needs to handle degenerate corners carefully. If no
degeneracy exists, one can guarantee a monotonic
decrease of the objective function on each iteration.

\=0

22
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Exponential convergence

° . . A
Average computation time on 3 runs for Klee-Minty problem. A wide variety Of appllcatlons could be formulated as
10! 4 linear programming.

—— Interior Point method

—— Simplex method

Time, s

T T T T
8 10 12 14
Dimension, n

N
IS
o4

‘f - ;nylr; Convergence of the Simplex Algorithm 0 O 23
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Exponential convergence

Average computation time on 3 runs for Klee-Minty problem.

101 q
—— Interior Point method
Simplex method
100 4
n
g
E 107t

1072 4 ‘/_/‘\

T T T T
8 10 12 14
Dimension, n

N
IS
o4

‘f - 511;1; Convergence of the Simplex Algorithm

® A wide variety of applications could be formulated as

linear programming.

® Simplex algorithm is simple but could work

exponentially long.

23
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Exponential convergence

Average computation time on 3 runs for Klee-Minty problem. ¢ A wide Variety Of applications could be formulated as
104 —— Interior Point method ||near programmlng.
Simplex method ® Simplex algorithm is simple but could work
exponentially long.
100 ® Khachiyan's ellipsoid method (1979) is the first to be

proven to run at polynomial complexity for LPs.
However, it is usually slower than simplex in real
problems.

Time, s

1072 4 //_/‘\

T T T T
8 10 12 14
Dimension, n

N
IS
o4

‘f - 5“.}‘; Convergence of the Simplex Algorithm 0 O 23
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Exponential convergence

° . . A
Average computation time on 3 runs for Klee-Minty problem. A wide variety of appllcat|ons could be formulated as

107 - linear programming.
—— Interior Point method 3 . ) .
Simplex method ® Simplex algorithm is simple but could work
exponentially long.
100 ® Khachiyan's ellipsoid method (1979) is the first to be

proven to run at polynomial complexity for LPs.
However, it is usually slower than simplex in real
problems.

® Major breakthrough - Narendra Karmarkar's method
for solving LP (1984) using interior point method.

Time, s

T T T T
8 10 12 14
Dimension, n

N
IS
o4

‘f - 5“.}‘; Convergence of the Simplex Algorithm 0 O 23
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Exponential convergence

Average computation time on 3 runs for Klee-Minty problem.

101 q
—— Interior Point method

Simplex method

100 4

Time, s

T T T T
8 10 12 14
Dimension, n

N
IS
o4

‘f - 5“.}‘; Convergence of the Simplex Algorithm

A wide variety of applications could be formulated as
linear programming.

Simplex algorithm is simple but could work
exponentially long.

Khachiyan's ellipsoid method (1979) is the first to be
proven to run at polynomial complexity for LPs.
However, it is usually slower than simplex in real
problems.

Major breakthrough - Narendra Karmarkar's method
for solving LP (1984) using interior point method.
Interior point methods are the last word in this area.
However, good implementations of simplex-based
methods and interior point methods are similar for
routine applications of linear programming.


Daniil Merkulov

https://fmin.xyz
https://mda24.fmin.xyz
https://github.com/MerkulovDaniil/mda24
https://t.me/fminxyz

Klee Minty example

Since the number of edge points is finite, the algorithm should converge (except for some degenerate cases, which
are not covered here). However, the convergence could be exponentially slow, due to the high number of edges.
There is the following iconic example when the simplex algorithm should perform exactly all vertexes.

In the following problem, the simplex algorithm needs to check 2" — 1 Average computation time on 3 runs

—— random LP

vertexes with g = 0.
Klee Minty

n—1 n—2
m%§2 1 +2" "o+ -+ 2001 + 20
TE

st. 1 <5
4xy + 20 < 25

8r1 + 4xo + 23 < 125 //_/
102 4

4 6 8 10 12 14

2"z 4+ 2" Y + 2" 2+ a, < B ;
Dimension, n
x>0

Time, s

‘f - 5“.}‘; Convergence of the Simplex Algorithm
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‘f — min
Tz

Other

Other
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Minimization of convex function as LP

f(z) f(z)

Figure 3: How LP can help with general convex problem

® The function is convex iff it can be represented as a pointwise maximum of linear functions.
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Minimization of convex function as LP

f(z) f(z)

Figure 3: How LP can help with general convex problem

® The function is convex iff it can be represented as a pointwise maximum of linear functions.
® In high dimensions, the approximation may require too many functions.

‘f - ﬂi& Other
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Minimization of convex function as LP

f(z) f(z)

Figure 3: How LP can help with general convex problem

® The function is convex iff it can be represented as a pointwise maximum of linear functions.
® In high dimensions, the approximation may require too many functions.
® More efficient convex optimizers (not reducing to LP) exist.

‘f - ﬂi.ri Other
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Tz

Mixed Integer Programming

Mixed Integer Programming
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Complexity of MIP

Consider the following Mixed Integer Programming (MIP):

2z =8x1 + 11lxs + 63 + 424 — max

z1,r2,23,%4
s.t. b1 + Txe + 4xs + 3x4 < 14 (5)
i€ {0,1} Vi

‘f - §ny1r; Mixed Integer Programming
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Complexity of MIP L P -pnaceayas

Consider the following Mixed Integer Programming (MIP): Relax it to: B?\%W
z=8x1 + 1lzs + 623 + 424 — max z=8x1 + 1lxs + 623 + 424 — max
r1,r2,r3,r4 r1,r2,r3,Tr4
s.t. a1 + Tao + das + 324 < 14 (5) s.t. 51 + T + 4as + 34 < 14 (6)
z € {0,1} Vi 2 €[0,1 Vi

‘f - 5“.}‘; Mixed Integer Programming 0 O 28
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Complexity of MIP
Consider the following Mixed Integer Programming (MIP): Relax it to:

z=8x1 + 1lzs + 623 + 424 — max z=8x1 + 1lxs + 623 + 424 — max
r1,r2,r3,r4 r1,r2,r3,Tr4
s.t. a1 + Tao + das + 324 < 14 (5) s.t. 51 + T + 4as + 34 < 14 (6)
z € {0,1} Vi z €[0,1] Vi

Optimal solution

1 =0,22 =23 =24 =1, and z = 21.

0
\ Z=QL
[
J

‘f - 5“.}‘; Mixed Integer Programming 0 O 28
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Complexity of MIP
Consider the following Mixed Integer Programming (MIP): Relax it to:

z=8x1 + 1lzs + 623 + 424 — max z=8x1 + 1lxs + 623 + 424 — max
r1,r2,r3,r4 r1,r2,r3,Tr4
s.t. a1 + Tao + das + 324 < 14 (5) s.t. 51 + T + 4as + 34 < 14 (6)
z € {0,1} Vi z €[0,1] Vi

Optimal solution Optimal solution

r1 =0,20 =23 =24 =1, and z = 21. r1=x2=1,23 =0.5,24 =0, and z = 22.
0 | >=)7

(O]
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Complexity of MIP
Consider the following Mixed Integer Programming (MIP): Relax it to:

z=8x1 + 1lzs + 623 + 424 — max z=8x1 + 1lxs + 623 + 424 — max
r1,r2,r3,r4 r1,r2,r3,Tr4
s.t. a1 + Tao + das + 324 < 14 (5) s.t. 51 + T + 4as + 34 < 14 (6)
e € {0,1} Vi w €[0,1] Vi

Optimal solution Optimal solution
z1 =0,22 =23 =24 =1, and z = %1. 1 =22 = 1,23 =0.5,24 =0, and z = 22.

® Rounding 3 = 0: gives z = 19.
—m—
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Complexity of MIP
Consider the following Mixed Integer Programming (MIP): Relax it to:

2 =821 + lay + 62z +dwg = max z =81+ Iz + Oz +dzg > max
s.t. 5x1 + Tao + 4wz + 34 < 14’ o (5) s.t. bx1 + Tae + 4xs + 3z4 < 14 (6)
Optimal solution v €{0.1} Vi Optimal solution el v
r1 =0,20 =23 =24 =1, and z = 21. r1=x2=1,23 =0.5,24 =0, and z = 22.
® Rounding 3 = 0: gives z = 19.
® Rounding x3 = 1: Infeasible. ‘

l
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Complexity of MIP
Consider the following Mixed Integer Programming (MIP): Relax it to:

z =8x1 + 1lxz + 623 + 424 —  max z=8x1 + 11wz + 623 + 4vg —  max
z1,T2,T3,T4 x1,%2,T3,T4
s.t. 51+ Two + 4dws 4+ 324 < 14 (5) s.t. by + Taxo +4x3 + 324 < 14 (6)
xz; € {0,1} Vi xz; €10,1] Vi

Optimal solution Optimal solution
1 =0,22 =23 =24 =1, and z = 21. 1 =22 = 1,23 =0.5,24 =0, and z = 22.

® Rounding 3 = 0: gives z = 19.
® Rounding z3 = 1: Infeasible.
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Complexity of MIP

Consider the following Mixed Integer Programming (MIP): Relax it to:

z = 8x1 + 1lxs + 63 + 424 — max z = 8z1 + 11wz + 623 + 4z4 —

max
z1,T2,T3,T4

x1,%2,T3,T4

s.t. 51+ Two + 4dws 4+ 324 < 14 (5) s.t. by + Taxo +4x3 + 324 < 14 (6)

€ {0,1} Vi zi €[0,1] Vi
Optimal solution z {01} Wi Optimal solution

1 =0,22 =23 =24 =1, and z = 21. 1 =22 = 1,23 =0.5,24 =0, and z = 22.

® Rounding 3 = 0: gives z = 19.
® Rounding z3 = 1: Infeasible.

! MIP is much harder, than LP

® Naive rounding of LP relaxation of the initial MIP problem might lead to infeasible or suboptimal
solution.
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Complexity of MIP
Consider the following Mixed Integer Programming (MIP): Relax it to:

z=8x1 + 1lzs + 623 + 424 — max z =8z1 + 11z + 6xs + dz4 — max
r1,r2,T3,T4 T1,T2,T3,T4
s.t. 5xy + Too + dxs + 324 < 14 (5) s.t. by + Taxo +4x3 + 324 < 14 (6)
z € {0,1} Vi ziel0,1] Vi

Optimal solution Optimal solution
1 =0,22 =23 =24 =1, and z = 21. 1 =22 = 1,23 =0.5,24 =0, and z = 22.

® Rounding 3 = 0: gives z = 19.
® Rounding z3 = 1: Infeasible.

! MIP is much harder, than LP

® Naive rounding of LP relaxation of the initial MIP problem might lead to infeasible or suboptimal
solution.
® General MIP is NP-hard.

‘f - §ny1r; Mixed Integer Programming 0 O 28


Daniil Merkulov

https://en.wikipedia.org/wiki/Integer_programming
https://fmin.xyz
https://mda24.fmin.xyz
https://github.com/MerkulovDaniil/mda24
https://t.me/fminxyz

Complexity of MIP
Consider the following Mixed Integer Programming (MIP): Relax it to:

z =8xy + 1las + 623 + 424 — max z = 8r1 + 1laz + 623 + 424 — max
1,T2,T3,T4 T1,T2,T3,T4
s.t. 51+ Two + 4dws 4+ 324 < 14 (5) s.t. by + Taxo +4x3 + 324 < 14 (6)
z; €{0,1} Vi z; € 10,1 Vi

Optimal solution Optimal solution

1 =0,22 =23 =24 =1, and z = 21. 1 =22 = 1,23 =0.5,24 =0, and z = 22.

® Rounding 3 = 0: gives z = 19.
® Rounding z3 = 1: Infeasible.

! MIP is much harder, than LP

® Naive rounding of LP relaxation of the initial MIP problem might lead to infeasible or suboptimal
solution.

® General MIP is NP-hard.

® However, if the coefficient matrix of an MIP is a totally unimodular matrix, then it can be solved in
polynomial time.
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Unpredictable complexity of MIP

® |t is hard to predict what will be
solved quickly and what will take a

long time
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Unpredictable complexity of MIP

® |t is hard to predict what will be
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long time
® @Dataset
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Unpredictable complexity of MIP

® |t is hard to predict what will be
solved quickly and what will take a

long time
® @Dataset
® @Source code
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Number of Constraints

Running time to optimality for different MIPs
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Hardware progress vs Software progress

What would you choose, assuming, that the question posed correctly (you can compile software for any hardware
and the problem is the same for both options)? We will consider the time period from 1992 to 2023.

O Hardware O Software
Solving MIP with an old software on the modern Solving MIP with a modern software on the old
hardware hardware
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Hardware progress vs Software progress

What would you choose, assuming, that the question posed correctly (you can compile software for any hardware
and the problem is the same for both options)? We will consider the time period from 1992 to 2023.

O Hardware O Software
Solving MIP with an old software on the modern Solving MIP with a modern software on the old
hardware hardware

=~ 1.664.510 x speedup ~ 2.349.000 x speedup

Moore's law states, that computational power doubles R. Bixby conducted an intensive experiment with
benchmarking all CPLEX software version starting from
1992 to 2007 and measured overall software progress
(29000 times), later (in 2009) he was a cofounder of
Gurobi optimization software, which gives additional ~ 81
speedup on MILP.

every 18 monthes.

1
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Hardware progress vs Software progress

What would you choose, assuming, that the question posed correctly (you can compile software for any hardware
and the problem is the same for both options)? We will consider the time period from 1992 to 2023.

O Hardware O Software
Solving MIP with an old software on the modern Solving MIP with a modern software on the old
hardware hardware

=~ 1.664.510 x speedup ~ 2.349.000 x speedup

Moore's law states, that computational power doubles R. Bixby conducted an intensive experiment with
benchmarking all CPLEX software version starting from
1992 to 2007 and measured overall software progress
(29000 times), later (in 2009) he was a cofounder of
Gurobi optimization software, which gives additional ~ 81
speedup on MILP.

every 18 monthes.

It turns out that if you need to solve a MILP, it is better to use an old computer and modern methods than vice
versa, the newest computer and methods of the early 1990s!

1
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Idea of Branch and Bound method
1. Initial Relaxation:
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Idea of Branch and Bound method

1. Initial Relaxation:
® Solve the linear programming (LP) relaxation of the original MIP by relaxing the integer constraints z; € {0,1} to
0<z; <1.
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Idea of Branch and Bound method

1. Initial Relaxation:
® Solve the linear programming (LP) relaxation of the original MIP by relaxing the integer constraints z; € {0,1} to
0<z; <1.
® This gives an upper bound on the optimal value of the MIP since the feasible region of the LP relaxation contains
the feasible region of the original MIP.
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Idea of Branch and Bound method

1. Initial Relaxation:
® Solve the linear programming (LP) relaxation of the original MIP by relaxing the integer constraints z; € {0,1} to
0<z; <1.
® This gives an upper bound on the optimal value of the MIP since the feasible region of the LP relaxation contains
the feasible region of the original MIP.

2. Branching:
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Idea of Branch and Bound method

1. Initial Relaxation:
® Solve the linear programming (LP) relaxation of the original MIP by relaxing the integer constraints z; € {0,1} to
0<z; <1.
® This gives an upper bound on the optimal value of the MIP since the feasible region of the LP relaxation contains
the feasible region of the original MIP.
2. Branching:
® If the solution to the LP relaxation is integer (i.e., z; € {0, 1} for all 7), then it is the optimal solution to the MIP.
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Idea of Branch and Bound method

1. Initial Relaxation:
® Solve the linear programming (LP) relaxation of the original MIP by relaxing the integer constraints z; € {0,1} to
0<z; <1.
® This gives an upper bound on the optimal value of the MIP since the feasible region of the LP relaxation contains
the feasible region of the original MIP.
2. Branching:
® If the solution to the LP relaxation is integer (i.e., z; € {0, 1} for all 7), then it is the optimal solution to the MIP.
® |f the solution is not integer, select a variable z; that is fractional (e.g., z; = 0.5) and create two subproblems
(branches):
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Idea of Branch and Bound method

1. Initial Relaxation:
® Solve the linear programming (LP) relaxation of the original MIP by relaxing the integer constraints z; € {0,1} to
0<z; <1.
® This gives an upper bound on the optimal value of the MIP since the feasible region of the LP relaxation contains
the feasible region of the original MIP.
2. Branching:
® If the solution to the LP relaxation is integer (i.e., z; € {0, 1} for all 7), then it is the optimal solution to the MIP.
® |f the solution is not integer, select a variable z; that is fractional (e.g., z; = 0.5) and create two subproblems
(branches):

® |n the first subproblem, add the constraint z; = 0.
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Idea of Branch and Bound method

1. Initial Relaxation:
® Solve the linear programming (LP) relaxation of the original MIP by relaxing the integer constraints z; € {0,1} to
0<z; <1.
® This gives an upper bound on the optimal value of the MIP since the feasible region of the LP relaxation contains
the feasible region of the original MIP.
2. Branching:
® If the solution to the LP relaxation is integer (i.e., z; € {0, 1} for all 7), then it is the optimal solution to the MIP.
® |f the solution is not integer, select a variable z; that is fractional (e.g., z; = 0.5) and create two subproblems
(branches):
® |n the first subproblem, add the constraint z; = 0.
® In the second subproblem, add the constraint z; = 1.
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Idea of Branch and Bound method

1. Initial Relaxation:
® Solve the linear programming (LP) relaxation of the original MIP by relaxing the integer constraints z; € {0,1} to
0<z; <1.
® This gives an upper bound on the optimal value of the MIP since the feasible region of the LP relaxation contains
the feasible region of the original MIP.
2. Branching:
® If the solution to the LP relaxation is integer (i.e., z; € {0, 1} for all 7), then it is the optimal solution to the MIP.
® |f the solution is not integer, select a variable z; that is fractional (e.g., z; = 0.5) and create two subproblems
(branches):
® |n the first subproblem, add the constraint z; = 0.
® In the second subproblem, add the constraint z; = 1.

3. Bounding:
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Idea of Branch and Bound method

1. Initial Relaxation:
® Solve the linear programming (LP) relaxation of the original MIP by relaxing the integer constraints z; € {0,1} to
0<z; <1.
® This gives an upper bound on the optimal value of the MIP since the feasible region of the LP relaxation contains
the feasible region of the original MIP.
2. Branching:
® If the solution to the LP relaxation is integer (i.e., z; € {0, 1} for all 7), then it is the optimal solution to the MIP.
® |f the solution is not integer, select a variable z; that is fractional (e.g., z; = 0.5) and create two subproblems
(branches):
® |n the first subproblem, add the constraint z; = 0.
® In the second subproblem, add the constraint z; = 1.
3. Bounding:

® Solve the LP relaxation of each subproblem.
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Idea of Branch and Bound method

1. Initial Relaxation:
® Solve the linear programming (LP) relaxation of the original MIP by relaxing the integer constraints z; € {0,1} to
0<z; <1.
® This gives an upper bound on the optimal value of the MIP since the feasible region of the LP relaxation contains
the feasible region of the original MIP.
2. Branching:
® If the solution to the LP relaxation is integer (i.e., z; € {0, 1} for all 7), then it is the optimal solution to the MIP.
® |f the solution is not integer, select a variable z; that is fractional (e.g., z; = 0.5) and create two subproblems
(branches):
® |n the first subproblem, add the constraint z; = 0.
® In the second subproblem, add the constraint z; = 1.
3. Bounding:
® Solve the LP relaxation of each subproblem.
® Calculate the objective value (upper bound) for each subproblem.
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Idea of Branch and Bound method

1. Initial Relaxation:
® Solve the linear programming (LP) relaxation of the original MIP by relaxing the integer constraints z; € {0,1} to
0<z; <1.
® This gives an upper bound on the optimal value of the MIP since the feasible region of the LP relaxation contains
the feasible region of the original MIP.
2. Branching:
® If the solution to the LP relaxation is integer (i.e., z; € {0, 1} for all 7), then it is the optimal solution to the MIP.
® |f the solution is not integer, select a variable z; that is fractional (e.g., z; = 0.5) and create two subproblems
(branches):
® |n the first subproblem, add the constraint z; = 0.
® In the second subproblem, add the constraint z; = 1.
3. Bounding:
® Solve the LP relaxation of each subproblem.
® Calculate the objective value (upper bound) for each subproblem.
® If the upper bound of a subproblem is less than the best known integer feasible solution, prune that subproblem (do
not explore it further).
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Idea of Branch and Bound method
1. Initial Relaxation:
® Solve the linear programming (LP) relaxation of the original MIP by relaxing the integer constraints z; € {0,1} to
0<xz; <1.
® This gives an upper bound on the optimal value of the MIP since the feasible region of the LP relaxation contains
the feasible region of the original MIP.
2. Branching:
® If the solution to the LP relaxation is integer (i.e., z; € {0, 1} for all 7), then it is the optimal solution to the MIP.
® |f the solution is not integer, select a variable z; that is fractional (e.g., z; = 0.5) and create two subproblems

(branches):
® |n the first subproblem, add the constraint z; = 0.
® In the second subproblem, add the constraint z; = 1.

3. Bounding:
® Solve the LP relaxation of each subproblem.
® Calculate the objective value (upper bound) for each subproblem.
® If the upper bound of a subproblem is less than the best known integer feasible solution, prune that subproblem (do

not explore it further).
4. Fathoming:

‘f - EHA}‘; Mixed Integer Programming


Daniil Merkulov

https://fmin.xyz
https://mda24.fmin.xyz
https://github.com/MerkulovDaniil/mda24
https://t.me/fminxyz

Idea of Branch and Bound method
1. Initial Relaxation:
® Solve the linear programming (LP) relaxation of the original MIP by relaxing the integer constraints z; € {0,1} to
0<xz; <1.
® This gives an upper bound on the optimal value of the MIP since the feasible region of the LP relaxation contains
the feasible region of the original MIP.
2. Branching:
® If the solution to the LP relaxation is integer (i.e., z; € {0, 1} for all 7), then it is the optimal solution to the MIP.
® |f the solution is not integer, select a variable z; that is fractional (e.g., z; = 0.5) and create two subproblems

(branches):
® |n the first subproblem, add the constraint z; = 0.
® In the second subproblem, add the constraint z; = 1.

3. Bounding:
® Solve the LP relaxation of each subproblem.
® Calculate the objective value (upper bound) for each subproblem.
® If the upper bound of a subproblem is less than the best known integer feasible solution, prune that subproblem (do

not explore it further).

4. Fathoming:
® |f a subproblem yields an integer solution that is better than the best known solution, update the best known

solution.
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Idea of Branch and Bound method
1. Initial Relaxation:
® Solve the linear programming (LP) relaxation of the original MIP by relaxing the integer constraints z; € {0,1} to
0<z; <1.
® This gives an upper bound on the optimal value of the MIP since the feasible region of the LP relaxation contains
the feasible region of the original MIP.
2. Branching:
® If the solution to the LP relaxation is integer (i.e., z; € {0, 1} for all 7), then it is the optimal solution to the MIP.
® |f the solution is not integer, select a variable z; that is fractional (e.g., z; = 0.5) and create two subproblems
(branches):
® |n the first subproblem, add the constraint z; = 0.
® In the second subproblem, add the constraint z; = 1.

3. Bounding:
® Solve the LP relaxation of each subproblem.
® Calculate the objective value (upper bound) for each subproblem.
® If the upper bound of a subproblem is less than the best known integer feasible solution, prune that subproblem (do
not explore it further).

4. Fathoming:
® |f a subproblem yields an integer solution that is better than the best known solution, update the best known

solution.
® |f a subproblem’s upper bound is less than or equal to the best known solution, prune it.
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Idea of Branch and Bound method

1. Initial Relaxation:
® Solve the linear programming (LP) relaxation of the original MIP by relaxing the integer constraints z; € {0,1} to
0<z; <1.
® This gives an upper bound on the optimal value of the MIP since the feasible region of the LP relaxation contains
the feasible region of the original MIP.
2. Branching:
® If the solution to the LP relaxation is integer (i.e., z; € {0, 1} for all 7), then it is the optimal solution to the MIP.
® |f the solution is not integer, select a variable z; that is fractional (e.g., z; = 0.5) and create two subproblems
(branches):
® |n the first subproblem, add the constraint z; = 0.
® In the second subproblem, add the constraint z; = 1.
3. Bounding:
® Solve the LP relaxation of each subproblem.
® Calculate the objective value (upper bound) for each subproblem.
® If the upper bound of a subproblem is less than the best known integer feasible solution, prune that subproblem (do
not explore it further).
4. Fathoming:
® |f a subproblem yields an integer solution that is better than the best known solution, update the best known
solution.
® |f a subproblem’s upper bound is less than or equal to the best known solution, prune it.
® |f a subproblem is infeasible, prune it.
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Idea of Branch and Bound method

1. Initial Relaxation:
® Solve the linear programming (LP) relaxation of the original MIP by relaxing the integer constraints z; € {0,1} to
0<z; <1.
® This gives an upper bound on the optimal value of the MIP since the feasible region of the LP relaxation contains
the feasible region of the original MIP.
2. Branching:
® If the solution to the LP relaxation is integer (i.e., z; € {0, 1} for all 7), then it is the optimal solution to the MIP.
® |f the solution is not integer, select a variable z; that is fractional (e.g., z; = 0.5) and create two subproblems
(branches):
® |n the first subproblem, add the constraint z; = 0.
® In the second subproblem, add the constraint z; = 1.
. Bounding:
® Solve the LP relaxation of each subproblem.
® Calculate the objective value (upper bound) for each subproblem.
® If the upper bound of a subproblem is less than the best known integer feasible solution, prune that subproblem (do
not explore it further).
4. Fathoming:
® |f a subproblem yields an integer solution that is better than the best known solution, update the best known
solution.
® |f a subproblem’s upper bound is less than or equal to the best known solution, prune it.
® |f a subproblem is infeasible, prune it.

5. lteration:

w
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Idea of Branch and Bound method

1. Initial Relaxation:
® Solve the linear programming (LP) relaxation of the original MIP by relaxing the integer constraints z; € {0,1} to
0<z; <1.
® This gives an upper bound on the optimal value of the MIP since the feasible region of the LP relaxation contains
the feasible region of the original MIP.
2. Branching:
® If the solution to the LP relaxation is integer (i.e., z; € {0, 1} for all 7), then it is the optimal solution to the MIP.
® |f the solution is not integer, select a variable z; that is fractional (e.g., z; = 0.5) and create two subproblems
(branches):
® |n the first subproblem, add the constraint z; = 0.
® In the second subproblem, add the constraint z; = 1.
. Bounding:
® Solve the LP relaxation of each subproblem.
® Calculate the objective value (upper bound) for each subproblem.
® If the upper bound of a subproblem is less than the best known integer feasible solution, prune that subproblem (do
not explore it further).
4. Fathoming:
® |f a subproblem yields an integer solution that is better than the best known solution, update the best known
solution.
® |f a subproblem’s upper bound is less than or equal to the best known solution, prune it.
® |f a subproblem is infeasible, prune it.
5. lteration:
® Repeat the branching, bounding, and fathoming steps until all subproblems are either pruned or solved to integer
optimality.
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Idea of Branch and Bound method

1. Initial Relaxation:
® Solve the linear programming (LP) relaxation of the original MIP by relaxing the integer constraints z; € {0,1} to
0<z; <1.
® This gives an upper bound on the optimal value of the MIP since the feasible region of the LP relaxation contains
the feasible region of the original MIP.
2. Branching:
® If the solution to the LP relaxation is integer (i.e., z; € {0, 1} for all 7), then it is the optimal solution to the MIP.
® |f the solution is not integer, select a variable z; that is fractional (e.g., z; = 0.5) and create two subproblems
(branches):
® |n the first subproblem, add the constraint z; = 0.
® In the second subproblem, add the constraint z; = 1.
. Bounding:
® Solve the LP relaxation of each subproblem.
® Calculate the objective value (upper bound) for each subproblem.
® If the upper bound of a subproblem is less than the best known integer feasible solution, prune that subproblem (do
not explore it further).
4. Fathoming:
® |f a subproblem yields an integer solution that is better than the best known solution, update the best known
solution.
® |f a subproblem’s upper bound is less than or equal to the best known solution, prune it.
® |f a subproblem is infeasible, prune it.
5. lteration:
® Repeat the branching, bounding, and fathoming steps until all subproblems are either pruned or solved to integer
optimality.
R /-~ min *uikhe be knorwnrg integer solution at the end of the process is the optimal solution to the original MIP. & o o

ixed Integer Program
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MIP Example

Consider the following MIP:

z=8x1 + 1lxs + 623 + 424 —  max

T1,2,%3,T4
s.t. By + Txe + 4xs + 3w4 < 14
x; € {O7 1} Vi
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